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Summary
In this PhD dissertation, we develop a unified approach to cylindrical Sobolev–Hardy type inequalities and sharp identities in the Euclidean setting, and then extend the resulting theory to stratified Lie groups and to general homogeneous Lie groups. A central feature of our work is that the main estimates are obtained not only as inequalities, but also as sharp remainder identities driven by Euler-type operators. These identities provide explicit sharp constants, clarify the equality mechanisms, and explain the typical non-attainability of sharp constants through the appearance of virtual extremizers and the associated Euler–Lagrange equations.
In the Euclidean cylindrical framework , we first establish critical Sobolev type inequalities. We treat critical regimes in which power singularities become borderline and therefore require logarithmic corrections, and we derive sharp remainder formulae yielding precise information on the sharp constants and their (non-)attainability. A second direction concerns higher-order  identities obtained by iterating the underlying Euler-operator identity. In these higher-order expansions we identify explicit coefficients expressed in terms of classical combinatorial numbers such as double factorials, oblong numbers, and Stirling numbers of the second kind, thereby revealing a multidimensional analogue of the classical relationship between iterated Euler-type operators and Stirling numbers.
Next, we establish a general critical Sobolev type inequality with logarithmic weights that extends the critical Sobolev type inequalities and unifies several known critical Hardy inequalities as special cases. This result allows logarithmic exponents both above and below one, includes sharp constants, and comes with sharp remainder terms, which again imply non-attainability. We also treat the borderline logarithmic exponent case, where the previous inequality fails, by introducing an additional iterated logarithmic correction. We subsequently apply our sharp remainder identities to establish the stability of the Sobolev-type inequality and its corresponding critical case. Moreover, we extend these inequalities to higher-order versions, obtaining sharp constants and remainder terms, and we identify further signed Stirling numbers in the coefficients of the remainder expansions. In addition, we derive another global critical logarithmic inequality which may be viewed as a cylindrical extension of classical critical inequalities in bounded domains, and we prove it with sharp constant and additional remainder terms.
A further main contribution is a general weighted Hardy inequality in the cylindrical setting with explicitly constructed weights that are not necessarily radial. In radial situations our assumptions reduce to the framework of Bessel pairs, while the general case covers a broader anisotropic class. One advantage of this approach is that the weights can be generated constructively from a single auxiliary function which also yields the corresponding extremal profile. We also establish critical Sobolev–Hardy type inequalities in cylindrical form, including borderline weights with logarithmic corrections, which recover cylindrical Hardy inequalities on bounded domains as particular cases. Finally, within the Euclidean chapter we prove general weighted Heisenberg–Pauli–Weyl type uncertainty inequalities, which in special cases yield cylindrical counterparts of classical uncertainty principles and sharp Hardy-type inequalities.
After developing the Euclidean cylindrical theory, we extend all of the above results to non-Euclidean settings. On stratified Lie groups, we prove horizontal analogues of the critical Sobolev type, Hardy-type, Sobolev–Hardy type, and uncertainty inequalities by replacing Euclidean derivatives with the horizontal gradient and working with the Euclidean norm on the first stratum. On homogeneous Lie groups, we establish corresponding results in full generality using the radial derivative operator associated with an arbitrary homogeneous quasi-norm, thereby producing a unified theory across Euclidean and homogeneous geometries.
We then present several applications of our inequalities. First, we obtain critical Caffarelli–Kohn–Nirenberg type inequalities in the cylindrical setting and derive from them critical uncertainty-type principles, interpreted as borderline counterparts of the classical Heisenberg–Pauli–Weyl inequality. Second, we prove logarithmic Sobolev type inequalities and establish logarithmic counterparts for other functional inequalities; in particular, we show equivalence between our logarithmic Sobolev type inequalities and Nash type inequalities, and we further derive Gross-type logarithmic Sobolev inequalities involving Gaussian measure as consequences. Finally, as an application of the general weighted Hardy inequalities, we study nonlinear parabolic equations with singular potentials and prove nonexistence of generalized positive local solutions under natural instability conditions expressed via a Rayleigh-type variational criterion. In this way, the sharp constants in our Hardy-type inequalities appear as explicit thresholds governing existence versus nonexistence in the associated parabolic problems.


Samenvatting
In dit doctoraat ontwikkelen wij een eenduidige benadering van cilindrische Sobolev–Hardy type ongelijkheden en scherpe identiteiten in de Euclidische setting, en breiden wij de resulterende theorie vervolgens uit naar gestratificeerde Lie-groepen en naar algemene homogene Lie-groepen. Een centraal kenmerk van ons werk is dat de hoofdschattingen niet alleen als ongelijkheden worden verkregen, maar ook als scherpe restidentiteiten die worden aangedreven door Euler-achtige operatoren. Deze identiteiten leveren expliciete scherpe constanten, verduidelijken de gelijkheidsmechanismen, en verklaren de typische niet-bereikbaarheid van scherpe constanten via het optreden van virtuele extremalen en de bijbehorende Euler–Lagrange-vergelijkingen.
In het Euclidische cilindrische raamwerk  stellen wij eerst kritische Sobolev-type ongelijkheden vast. Wij behandelen kritische regimes waarin machts-singulariteiten grensgeval worden en daarom logaritmische correcties vereisen, en wij leiden scherpe restformules af die precieze informatie geven over de scherpe constanten en hun (niet-)bereikbaarheid. Een tweede onderzoekslijn betreft hogere-orde -identiteiten die worden verkregen door iteratie van de onderliggende Euler-operator-identiteit. In deze hogere-orde uitbreidingen identificeren wij expliciete coëfficiënten uitgedrukt in termen van klassieke combinatorische getallen, zoals dubbele faculteiten, oblong-getallen en Stirlinggetallen van de tweede soort, waardoor een multidimensionale analogie zichtbaar wordt van de klassieke relatie tussen geïtereerde Euler-achtige operatoren en Stirlinggetallen.
Vervolgens stellen wij een algemene kritische Sobolev-type ongelijkheid met logaritmische gewichten vast, die de kritische Sobolev-type ongelijkheden uitbreidt en verschillende bekende kritische Hardy-ongelijkheden als bijzondere gevallen verenigt. Dit resultaat laat logaritmische exponenten toe, zowel groter als kleiner dan één, bevat scherpe constanten, en gaat gepaard met scherpe resttermen, die opnieuw niet-bereikbaarheid impliceren. Wij behandelen ook het grensgeval van de logaritmische exponent, waarbij de voorgaande ongelijkheid faalt, door een bijkomende geïtereerde logaritmische correctie in te voeren. Vervolgens passen wij onze scherpe restidentiteiten toe om de stabiliteit van de Sobolev-achtige ongelijkheid en het overeenkomstige kritische geval aan te tonen. Bovendien breiden wij deze ongelijkheden uit naar hogere-orde versies, waarbij wij scherpe constanten en resttermen bekomen, en wij identificeren verdere getekende Stirlinggetallen in de coëfficiënten van de resterende uitbreidingen. Daarnaast leiden wij nog een globale kritische logaritmische ongelijkheid af, die kan worden opgevat als een cilindrische uitbreiding van klassieke kritische ongelijkheden op begrensde domeinen, en wij bewijzen ze met scherpe constante en bijkomende resttermen.
Een verdere hoofdbijdrage is een algemene gewogen Hardy-ongelijkheid in de cilindrische setting met expliciet geconstrueerde gewichten die niet noodzakelijk radiaal zijn. In radiale situaties reduceren onze aannames tot het kader van Bessel-paren, terwijl het algemene geval een bredere anisotrope klasse omvat. Een voordeel van deze benadering is dat de gewichten op constructieve wijze kunnen worden gegenereerd uit één enkele hulpfunctie, die tevens het overeenkomstige extremale profiel oplevert. Wij stellen ook kritische Sobolev–Hardy-type ongelijkheden vast in cilindrische vorm, met inbegrip van grensgewichten met logaritmische correcties, die cilindrische Hardy-ongelijkheden op begrensde domeinen als bijzondere gevallen teruggeven. Ten slotte bewijzen wij binnen het Euclidische hoofdstuk algemene gewogen Heisenberg–Pauli–Weyl-type onzekerheidsongelijkheden, die in bijzondere gevallen cilindrische tegenhangers opleveren van klassieke onzekerheidsprincipes en scherpe Hardy-type ongelijkheden.
Na de ontwikkeling van de Euclidische cilindrische theorie breiden wij alle bovenstaande resultaten uit naar niet-Euclidische settings. Op gestratificeerde Lie-groepen bewijzen wij horizontale analogen van de kritische Sobolev-type, Hardy-type, Sobolev–Hardy-type en onzekerheidsongelijkheden door Euclidische afgeleiden te vervangen door de horizontale gradiënt en te werken met de Euclidische norm op de eerste stratum. Op homogene Lie-groepen stellen wij overeenkomstige resultaten vast in volledige algemeenheid, waarbij wij de radiale afgeleide-operator gebruiken die geassocieerd is met een willekeurige homogene quasi-norm, en zo verkrijgen wij een eenduidige theorie over Euclidische en homogene geometrieën.
Ten slotte presenteren wij verschillende toepassingen van onze ongelijkheden. Ten eerste bekomen wij kritische Caffarelli–Kohn–Nirenberg-type ongelijkheden in de cilindrische setting en leiden wij daaruit kritische onzekerheidsprincipes af, geïnterpreteerd als grensgevallen van de klassieke Heisenberg–Pauli–Weyl-ongelijkheid. Ten tweede bewijzen wij logaritmische Sobolev-type ongelijkheden en stellen wij logaritmische tegenhangers vast voor andere functionele ongelijkheden; in het bijzonder tonen wij de equivalentie aan tussen onze logaritmische Sobolev-type ongelijkheden en Nash-type ongelijkheden, en leiden wij bovendien Gross-type logaritmische Sobolev-ongelijkheden met Gaussiaanse maat af als consequenties. Ten slotte bestuderen wij, als toepassing van de algemene gewogen Hardy-ongelijkheden, niet-lineaire parabolische vergelijkingen met singuliere potentialen en bewijzen wij niet-bestaan van gegeneraliseerde positieve lokale oplossingen onder natuurlijke instabiliteitsvoorwaarden uitgedrukt via een Rayleigh-type variatiecriterium. Op die manier verschijnen de scherpe constanten in onze Hardy-type ongelijkheden als expliciete drempels die het bestaan tegenover niet-bestaan sturen in de bijbehorende parabolische problemen. 
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Introduction
Functional inequalities play a fundamental role in modern analysis and partial differential equations. Among them, Hardy and Sobolev-type inequalities are of central importance due to their deep connections with variational methods, spectral theory, and nonlinear evolution equations.
The Sobolev inequality establishes the embedding of  into , where . It reflects the principle that differentiability implies improved integrability. We begin by recalling the classical Sobolev inequality. For a function  with , one has 
	                       (1.1)
where the exponent  is given by , and  denotes a constant depending solely on the parameters  and .
A Sobolev-type inequality connected to (1.1) was established in [1] and [2], where the usual gradient is substituted by the Euler operator . Applying a scaling argument (considering  for ) then implies that one must have . In particular, 
	                       (1.2)
When singular weights are introduced, one obtains Sobolev–Hardy type inequalities, which combine scaling properties with inverse-power potentials. These inequalities are particularly relevant in borderline cases where classical embeddings fail.
Singular potentials arise naturally in mathematical physics and geometry, particularly in problems where the behavior near lower-dimensional sets influences global properties of solutions. The Hardy inequality provides a quantitative description of how singular weights interact with gradient structures, revealing threshold phenomena governed by sharp constants.
In [3], Hardy established the inequality
	          (1.3)
for non-negative functions  and for . Landau later proved in [4] that the constant  is optimal and that equality occurs only in the trivial case . Hardy had already remarked on the sharpness of this constant in an earlier work; see [5] for further historical comments and background.
By introducing 

inequality (1.3) can be rewritten in the more familiar form 
	                   (1.4)
For , the corresponding inequality in  reads 
	             (1.5)
where  denotes the gradient of . This inequality holds for all  whenever , and for all  when . The constant in (1.5) is sharp, and equality is attained only for  almost everywhere.
The determination of optimal constants and the analysis of their attainability are not merely quantitative improvements; they are directly linked to the qualitative behavior of solutions to differential equations. In many situations, the sharp Hardy constant acts as a critical threshold separating existence from nonexistence of positive solutions.
On the other hand, a topic of particular interest is the relationship between Hardy-type inequalities and Sobolev inequalities. A natural bridge between these two classes is provided by the family of Hardy–Sobolev inequalities, which interpolate between the Hardy singular behavior and the Sobolev embedding. More precisely, for any , with  and 	

there exists a constant  such that 
	(1.6)
Moreover, extremals for (1.6) are radially symmetric, and the optimal constant  can be computed explicitly; see [6-11].
In [12], Caffarelli, Kohn, and Nirenberg introduced a broad extension of the Hardy–Sobolev inequalities, now known as the Caffarelli–Kohn–Nirenberg inequalities. Let  and let  satisfy , , and , and assume that 
	                      (1.7)
where . Then there exists a constant  such that 
	             (1.8)
for all , if and only if the following conditions hold: 
	                (1.9)
	                            (1.10)
	              (1.11)
In particular, this inequality reduces to many classical inequalities like Sobolev, Hardy, Gagliardo-Nirenberg, Nash, and Heisenberg-Pauli-Weyl uncertainty inequalities.
Another classical inequality is the logarithmic Sobolev inequality. Sharp logarithmic Sobolev inequality in , proved in [13] and later written in a scale-invariant form by Weissler [14]. It states that for every  satisfying the normalization condition 

one has 
	              (1.12)
We give an improved form of the classical Hardy inequality. Let . Then 
	             (1.13)
The constant  is optimal, and it is not attained in . Moreover, (1.13) is invariant under the scaling transformation  for . Its “virtual extremizer”  satisfies the associated Euler–Lagrange equation as a distributional solution:

where  denotes the -Laplacian. However,  does not belong to the functional space .
For the critical case , inequality (1.13) does not hold with any constant. However, in bounded domains, the following inequality is valid: 
	        (1.14)
with the sharp constant , as demonstrated by Edmunds and Triebel [15]. This inequality is also equivalent to the critical case of the Sobolev–Lorentz inequality, up to the constant (see [16]).
In two dimensions (), related  inequalities on  had been previously derived. Egorov and Kondrat’ev [17, Lemma 8] established that 
	                (1.15)
 while Solomyak [18] proved the variant 

However, unlike (1.13), inequality (1.14) is not scaling-invariant. To address this, Ioku and Ishiwata [19] introduced a scaling-invariant version: 
	          (1.16)
where the constant  is sharp and unattainable. The authors also showed that inequality (1.16) is invariant under the scaling  for . Furthermore, its virtual extremizer is . This function  is a distributional solution of the Euler-Lagrange equation associated with : 
	                (1.17)
but  does not belong to . Later, Machihara, Ozawa, and Wadade [20] established a global scaling-invariant version with multiple logarithmic weights, valid for functions  and any : 
	         (1.18)
where  and the constant  is sharp. The logarithmic weight in these inequalities serves to mitigate the singularity of . However, a new singularity arises from the logarithm at , which is addressed by subtracting the boundary value  from  in the numerator. On the ball , for functions , inequality (1.18) also holds without the subtraction of  (see, e.g., [21, Corollary 6], [22, Sec. 1.4], [23, Sec. 3.2] for  versions for functions vanishing on the boundary of bounded domains). A related inequality on homogeneous groups was studied in [24]. Its counterpart and stability results for the Baouendi–Grushin operator on bounded domains were also explored in [25, 26].
It was also proven in [27, Sect. 2.2] that the weighted version of the subcritical Hardy inequality (1.13) 
	               (1.19)
is equivalent to the following critical Hardy inequality on the ball : 
	          (1.20)
This equivalence was established using the transformation 
	             (1.21)
Furthermore, using the same transformation and the scaling factor  from (1.19), the author also demonstrated that inequality (1.20) remains invariant under the scaling 

For a detailed discussion of this transformation, see [28].
In [29], inequality (1.13) was extended as follows. Let  with . Then, for any  and any , one has 
	                       (1.22)
where  is the Euclidean norm in . It had been conjectured that the constant  is optimal. This was subsequently established in [30] and [31] via distinct methods. The interest in this extension stems from its use in the analysis of a nonlinear PDE arising in models of galactic dynamics, introduced by Bertin [32] and Ciotti [33].
In [34, Sect. 2.1.7, Corollary 3], Maz’ya further refined (1.22) for the case  by adding a remainder term. More precisely, for every , every  satisfying , and for , there is a constant  such that 
	        (1.23)
for all , subject to the condition  in the case . By omitting the left-hand side term in (1.23), one recovers the cylindrical Hardy inequality given in (1.22).
In [35], the authors established an enhanced version of (1.22) that allows for a more general weight. Consider a point , where , and fix a real number . For every function  and every exponent , the following inequality holds: 
	             (1.24)
where  denotes the usual Euclidean gradient acting on the -component. When , the constant  is optimal. By invoking the Cauchy–Schwarz inequality on the right-hand side of (1.24), one obtains (1.22) in the case of an arbitrary weight. In the special case , inequality (1.24) reduces to the cylindrical extension of (1.2). In addition, the authors of [35] obtained a sharp remainder term for (1.24), as follows: For all complex-valued functions , the sharp remainder formula takes the form 

	        (1.25)
where 

The authors also considered the critical case of (1.24) on a bounded domain, which is the cylindrical extension of (1.20): For any  and , we have: 
	         (1.26)
where the constant  is sharp, and , with  denoting a ball in . Moreover, the authors established the inequality with the remainder terms. Since inequalities (1.24) and (1.26) serve as cylindrical extensions of inequalities (1.19) and (1.20), respectively, their equivalence can be established by applying the transformation method from [27, Sect. 2.2]. Related results can be found in [36, Corollary 1.1 and 1.2] for the  case and in [37] for cylindrical Hardy inequalities on half-spaces. Inequality (1.24) on stratified Lie groups was proved in [38].
Hardy-type inequalities are deeply connected to the study of nonlinear elliptic and parabolic equations with singular potentials.
The motivation for such PDEs originates from the heat equation with singular potentials studied by Baras and Goldstein [39]: 
     (1.27)
where  is the whole space  or some bounded domain containing 
. There, they proved that if , then (1.27) has a unique positive solution in the distributional sense if 

where  is the smallest root of . Otherwise, when  is greater than the sharp Hardy constant, then (1.27) has no positive solutions for  and .
After that, many authors have worked in developing the results of Baras and Goldstein [39] (see, [40-44]). For instance, in [42], Crespo and Alonso considered an  analogue of (1.27): 

To be more precise, they showed that for the corresponding result to hold in , one needs to control not only the constant  but also the exponent . In this direction, it is important to mention the earlier classical paper by Fujita [45], where the impact of the exponent on the existence and non-existence of positive solutions appears.
At the same time, Cabré and Martel [41] showed that the existence and non-existence of positive solutions to 

is determined by the value of the infimum 

The aim of this thesis is to develop cylindrical Hardy-type and Sobolev-type inequalities, investigate their sharp constants and extremals, derive logarithmic refinements in critical regimes, and apply these results to obtain more general inequalities like Sobolev-Hardy type, Caffarelli-Kohn-Nirenberg type, Heisenberg-Pauli-Weyl type, and logarithmic Sobolev type inequalities, and to nonlinear partial differential equations involving singular potentials.
Chapter 2 reviews the main concepts concerning stratified Lie groups and homogeneous Lie groups, and collects the preliminaries needed in the sequel.
Chapter 3 is devoted to cylindrical extensions of a wide class of Hardy-type inequalities. In particular, we analyze the critical case of (1.24) corresponding to . More precisely, for any complex-valued function  we prove 
	              (1.28)
where the constant  is sharp. Moreover, we establish the corresponding sharp remainder formulae, which provide information on the attainability of the sharp constant. We further investigate a higher-order  analogue of the identity. Notably, the coefficients in these higher-order formulas involve several classical number sequences, such as double factorials, oblong numbers, and Stirling numbers of the second kind. These formulas are derived by iterating the identity, in which process the Euler operator  emerges naturally. The relationship between the Euler operator and Stirling numbers of the second kind was already observed by H. Scherk in his 1823 Ph.D. thesis [46]. He showed that, upon iterating , the resulting coefficients are precisely the Stirling numbers of the second kind, that is, 
	                   (1.29)
where  are the Stirling numbers of the second kind. For further information on relations between derivative operators and Stirling numbers, we refer the reader to [47], [48], and the references cited therein. The identity (1.29) has likewise appeared in quantum physics, notably in the study of creation and annihilation operators [49], [50], [51], while its combinatorial aspects were investigated in [52] and related works. In the present article, we derive additional connections between the Stirling numbers of the second kind and the multidimensional Euler operator in the  framework. 
Next, we establish a more general critical Sobolev type inequality that extends (1.28). Let  with , and suppose that . We use  to denote the Euclidean norm in , and  to denote the usual gradient operator on . For any , we set 

and 

Then, for any complex-valued function , we obtain the following inequality: 
	       (1.30)
where the constant  is sharp, for . The virtual extremizer 

is a distributional solution of the following Euler–Lagrange equation: 
	              (1.31)
where, on the left-hand side, we have a weighted -Laplacian. In case  and , equation (1.31) reduces to equation (1.17).
In a particular case, (1.30) provides a cylindrical extension of inequalities (1.18) and (1.20). Consequently, similarly to [27, Prop. 2.4], it remains invariant in  under the scaling 

Moreover, we derive (1.30) with a sharp remainder term, which allows us to demonstrate the non-attainability of the sharp constant. Unlike inequalities (1.18) and (1.20), inequality (1.30) permits the logarithmic exponent to be less than one, thereby encompassing inequality (1.28). However, when , inequality (1.30) no longer holds. In this critical situation, we derive the following inequality: Let  with , . Then, for every complex-valued function  we have 
	       (1.32)
and the constant  is optimal. The iterated logarithmic weight compensates for the singular behavior at  and  that occurs when , but at the same time it generates new singularities at  and . In order to remove these additional singular points, we introduce 
	                    (1.33)
The sharp remainder formulas we derive also provide quantitative stability estimates for the extremizers of the Sobolev type inequality (1.24) and its critical counterpart (1.26). More specifically, to each sharp inequality we associate a deficit functional —defined as the difference between the right-hand side and the left-hand side once the sharp constant is inserted—which is equal to zero precisely in the case of formal equality. Because the sharp constants are not attained in the natural energy spaces, these equality profiles give rise only to a family of virtual extremizers. Accordingly, we introduce a suitable weighted distance functional that quantifies how far a given function lies from this extremizing family. The remainder identities we obtain represent the deficit as a nonnegative remainder term involving the functional . For , the quantitative convexity estimate (5.85) furnishes a lower bound on  in terms of a constant multiple of ; furthermore, the variable  coincides with the weighted radial gradient term arising in the related critical problem. By combining these observations, we show that a small deficit enforces proximity, in the weighted sense, of the function to the corresponding extremizing manifold, thereby yielding the desired stability results.
We also extend these results to higher-order versions: 
	    (1.34)
The constant  is sharp, where . Furthermore, we derive inequality (1.34) with remainder terms, which demonstrate the non-attainability of this sharp constant. Interestingly, in the coefficients of the remainder terms, we observe a signed version of Stirling numbers of the second kind.
We additionally examine the further critical case  of (1.24), which can be viewed as a cylindrical extension and as a generalization of (1.14). Let , where , , and . Here  stands for the Euclidean norm in , and  denotes the standard gradient with respect to the  variables. For any complex-valued function , we derive the inequality 
	     (1.35)
where the constant  is sharp. Furthermore, we derive (1.35) together with additional remainder terms, which show that the sharp constant is never attained.
Next, we prove a general weighted Hardy inequality, which in particular cases yields cylindrical extensions of previously known inequalities: 
	               (1.36)
The weights in (1.36) are not necessarily radial; in the radial case they reduce to the setting of Bessel pairs. Another advantage of this result is that the construction of admissible weights is explicit and simple: it is achieved by choosing a single auxiliary function which also produces the (extremal) profile associated with the inequality.
We also establish critical cases of Sobolev–Hardy type inequalities: 
	               (1.37)
which, in particular case , yield the cylindrical critical Hardy inequality on the ball of radius . Finally, at the end of this chapter, we prove a general weighted Heisenberg–Pauli–Weyl type inequality, which in particular cases implies cylindrical extensions of many classical Hardy-type inequalities, as well as the classical uncertainty principle with a sharp constant.
Chapter 4 extends all of the above results to stratified Lie groups by working with the horizontal gradient and the Euclidean norm on the first stratum of the group.
Chapter 5 develops the corresponding theory on a general homogeneous Lie group, where the role of the differential operator is played by the radial derivative associated with an arbitrary homogeneous quasi-norm.
Chapter 6 applies our results to more general inequalities of Caffarelli–Kohn–Nirenberg type. In particular, we establish the critical Caffarelli–Kohn–Nirenberg type inequality 
	  (1.38)
which, in particular cases, yields Heisenberg–Pauli–Weyl type uncertainty inequalities: 

These inequalities can be viewed as critical cases of the classical Heisenberg–Pauli–Weyl uncertainty principle: 
	      (1.39)
In the next subsection, we apply our results to derive logarithmic Sobolev type inequalities and logarithmic counterparts of other functional inequalities. As a particular example, we obtain 
		           (1.40)
We establish such inequalities also with more general weights. In addition, we prove the equivalence between logarithmic Sobolev type inequalities of this form and Nash type inequalities. Moreover, we show that our logarithmic Sobolev type inequality implies a Gross type logarithmic Sobolev inequality with Gaussian measure. We also obtain logarithmic versions of further inequalities, including the Hardy inequality, CKN type inequalities, and Sobolev–Hardy inequalities.
As a final application of our general weighted Hardy type inequality, we prove a non-existence result for generalized solutions of a class of parabolic equations, which in particular includes parabolic equations with singular potentials. Specifically, we analyze the problem 
	           (1.41)
We show that (1.41) admits no generalized positive local solution off  provided that 
	           (1.42)
Here, 

is the weighted -Laplacian with a weight depending only on . As a particular case, we obtain the following corollary.
Corollary 1.1.  Let  and . If  and , then the problem 
    	(1.43)
 has no generalized positive local solution off . 
 	In this corollary, one sees that the sharp constant in the inequality 
	             (1.44)
 acts as a threshold for the existence of solutions.
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Preliminaries
This section briefly recalls the notation related to stratified Lie groups and homogeneous Lie groups.
A Lie group  is called a stratified group (or homogeneous Carnot group) if the following properties hold:  
    • The space  admits a decomposition into subspaces  with , where we set . Moreover, for every , the dilation 

is a group automorphism of  and can be written in the form 

where  and, for , one has . 
    • Let  be as above, and denote by  the left-invariant vector fields on  such that  for . Then, for every , the Lie algebra generated by  has full rank . Equivalently, the iterated Lie brackets of  generate the entire Lie algebra associated with . 
For such a structure, we write . These groups were systematically investigated by Folland [53]. The left-invariant vector fields  are called the (Jacobian) generators of , and the integer  is referred to as the step of the group. The homogeneous dimension of  is defined by 

with . The standard Lebesgue measure  on  coincides with the Haar measure of the group (see, e.g., [[54], Proposition 1.6.6]). For additional material on stratified Lie groups, we refer the reader to [55] and [54]. We denote by  the horizontal gradient, by  the horizontal divergence, and by  the Euclidean norm on .
The left-invariant vector fields  can be expressed as in (2.1), and they satisfy the divergence theorem. For a detailed derivation of the precise formula, we refer the reader to [56]; see also [[54], Section 3.1.5] for a more general discussion. 
	              (2.1)
The horizontal gradient and the horizontal divergence are defined by (2.2) and (2.3), respectively, 
	                                  (2.2)
 
	                                 (2.3)
Using the explicit form of the left-invariant vector fields  in (2.1), one can verify the identities 
	                             (2.4)
and 
	             (2.5)
for any  and  We also use  the Euclidean norm on .
Next, we recall some necessary notation for a general homogeneous Lie group, following Folland and Stein [57] (see also [54, Section 3.1.7] and [58]).
A homogeneous quasi-norm on  is a continuous, non-negative function 

which satisfies:  
    •  for every  
    •  for all  and all  
    •  if and only if  
The polar decomposition employed in this work is formulated as follows: there is a uniquely determined positive Borel measure  defined on the unit sphere 

such that for every , 

Let  be an arbitrary homogeneous quasi-norm on the homogeneous Lie group . We then introduce the radial derivative operator associated with , defined by 

We now proceed to establish Lemma 2.1 and Lemma 2.2, which will play a crucial role in the proof of Theorem 3.5. 
Lemma 2.1.  Let  with , and fix . Then, for every , we have 
	
	               	    (2.6)
where  denotes the usual Euclidean gradient on  
Proof of Lemma 2.1. We establish the lemma using an induction argument.
First, consider the case  In this case, (2.6) can be checked directly: 



Now assume that (2.6) is true for the th order. We show that it also holds for the th order.
Case . By applying  to both sides of the -th order case of (2.6), we obtain 


 After simplifying this identity, we get 



	   (2.7)
By (2.6), we also have 

	          (2.8)
By subtracting (2.8) from (2.7), we derive the th order case of (2.6), that is, 


This completes the proof. 
In the following lemma, we derive the recurrence relation for  appearing in (3.13). This relation serves to combine the remainder terms that arise during the iterative procedure. 
Lemma 2.2.  Let  with . Then 
		        (2.9)
 
Proof of Lemma 2.2. To prove (2.9), we use formula (3.13). Since the main formula in (3.13) does not apply to  and , which appear in (2.9) when  and , respectively, we first prove (2.9) in these two cases.
Case  In this case, by (3.13) we obtain . Hence, it suffices to show that 
	             (2.10)
To show this, using (3.13) and the identity , we write 


	 (2.11)
 where we used the fact that 

since the number of indices  is the same as the number of indices . Next, using 

we obtain from (2.11) that 

by the definition in (3.13). Hence, (2.10) is proved.
Case  In this case, by (3.13) we have . Thus, we need to prove that 
	          (2.12)
 Applying (3.13) together with the relation  to the left-hand side of (2.12), we obtain 



Since , the above identity can be rewritten as 



by the definition in (3.13). Hence, (2.12) is proved.
We now establish (2.9) for the case  Substituting the expression from (3.13) and using  in the left-hand side of (2.9), we obtain 


	   (2.13)
where 
Now, combining the sums in (2.13) for , and writing separately the term corresponding to  in the second sum, we arrive at 


	  (2.14)
By summing  and  in (2.14), we obtain the sum of all possible products of  Oblong numbers ranging from  to , that is, 

	           (2.15)
Now, combining (2.14) and (2.15), we get 





	                         (2.16)
which proves (2.9) for . Therefore, (2.9) holds for all . 
We now formulate the subsequent two lemmas, which will be employed in the proof of Theorem 3.22. 
Lemma 2.3. Let  with , and let . Then for every  the following identity holds: 
	
		  (2.17)
 where  denotes the standard gradient on . 
Proof of Lemma 2.3. We establish this lemma by induction.
Case  It is readily verified that (2.17) is valid for : 




Suppose now that (2.17) has been established for the th order. We will demonstrate that it consequently holds for the th order as well.
For the case , we apply the operator  to both sides of the th order formulation of (2.17), which yields 



 Upon simplifying the preceding identity, we arrive at 



	 (2.18)
 By (2.17), we have 

	  (2.19)
 Subtracting (2.19) from (2.18), we obtain the th order case of (2.17), namely, 


 which completes the proof. 
In the next lemma, we derive the recurrence relation for  stated in (3.99), which will be used to aggregate the remainder terms generated by the iterative scheme. 
Lemma 2.4. Let  with . Then 
		        (2.20)
Proof of Lemma 2.4. To establish (2.20), we rely on formula (3.99). The primary expression in (3.99) is not valid for  and , which occur in (2.20) for  and , respectively. Hence, we first verify (2.20) specifically in these two boundary cases.
Case  In this situation, applying (3.99) yields . Thus, it suffices to show that 
	          (2.21)
To this end, using (3.99) together with the relation , we obtain 


	  (2.22)
where we used that 

since the number of indices  is the same as the number of indices . Next, using 

we derive from (2.22) that 

 by the definition in (3.99). Hence, (2.21) is proved.
Case  In this case, by (3.99) we have . Thus, we need to prove that 
	     (2.23)
By substituting (3.99) and the relation  into the left-hand side of (2.23), we arrive at 



Since , we can rewrite the above identity as 



by the definition in (3.99). Hence, (2.23) is proved.
We now establish (2.20) for the range . Applying the expression in (3.99) together with  to the left-hand side of (2.20), we obtain 


	 (2.24)
where 
Now, combining the sums in (2.24) for , and writing separately the term corresponding to  in the second sum, we obtain 


	 (2.25)
By adding the sums  and  in (2.25), we obtain the sum of all possible products of  terms of  from  to , namely, 

	                 (2.26)
 Now, combining (2.25) and (2.26), we get 





	                             (2.27)
which proves (2.20) for . Therefore, (2.20) holds for all . 
We now introduce the definition of the -functional, which will serve as a key tool in establishing the sharp remainder formula. 
Definition 2.5. Let . Then, for , we define 
	      (2.28)
Lemma 2.6. ([59, Step 3 of Proof of Theorem 1.2])  Let . Then, for , we have 

where 
	          (2.29)
Lemma 2.7. ([60, Lemma 2.2])  Let . Then, for , we have 

where 
	          (2.30)
Lemma 2.8. ([60, Lemma 2.3])  Let . Then, for , we have 

 where 
	           (2.31)
The lemmata above play a key role, as they yield the following proposition, which is applied in establishing the non-existence of non-trivial extremizers.
Proposition 2.9.   if and only if  for . 
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Cylindrical Sobolev-Hardy type inequalities and identities
Note. This chapter is based substantially on the author’s published articles: [61, 62]. Certain sections have been reproduced or adapted from those works. 

[bookmark: GrindEQpgref69f8d1f710][bookmark: _Toc231375208]Critical Sobolev type inequalities and identities
We investigate the critical regime of the Sobolev type (improved Hardy) inequality on  and derive the related identities. As a particular application, we also establish the critical version of the extended Hardy inequality and present its sharp remainder term representation. 
Theorem 3.1. Let  with  and , where  is the Euclidean norm in  and  denotes the usual gradient operator on .  
    (i) For every complex-valued function , we have 
                	    (3.1)
 and the constant  is sharp.
    (ii) For each complex-valued function , the following identity is valid and provides the sharp remainder term in formula (3.1): 

	  (3.2)
where the functional  is defined in (2.28). Furthermore, the functional  is equal to zero if and only if 

for some function . In this situation, the expression on the left-hand side of (3.2) diverges to  unless , because 

fails to be integrable over . Consequently, the sharp constant  in (3.1) is never achieved on  
Remark 3.2. The inequality (3.1) represents the critical case of the inequality obtained in [35] when . 

Proof of Theorem 3.1. Employing the identity  and performing integration by parts, we obtain 





	     (3.3)
 Here, we apply the Hölder inequality to derive 




 which completes the proof of inequality (3.1) in Part (i). We now demonstrate that the exponent  is optimal. To this end, observe that the function 

achieves equality in Hölder’s inequality, that is, 

which shows that the constant  is sharp.
We proceed to prove Part (ii). To derive identity (3.2), we employ the non-negative functional (2.28) introduced in [59, Lemma 3.3]. Using the notation 

in (2.28), and using that  we get 




	      (3.4)
Substituting (3.3) into (3.4), the final term in (3.4) disappears, which yields (3.2).
We now investigate the existence of nontrivial extremisers. By Proposition 2.9, the functional  vanishes if and only if . Consequently, the remainder term can vanish only in the case where  fulfills 

Integrating 

we deduce that 

for some function . However, such an  makes the left-hand side of (3.2) diverge, unless . This shows that no nontrivial extremisers exist.
This completes the proof of Theorem 3.1. 

We now derive the critical Hardy-type inequality of [35] as a corollary. This follows by applying the Schwarz inequality to the right-hand side of (3.1). 
Corollary 3.3. Let  with . Then, for every  and each , the following holds: 
	                  (3.5)
where  is the Euclidean norm on   is the standard gradient on  and  is sharp. 
 
Proof of Corollary 3.3. We can write the inequality (3.1) in the following way: 

Then by the Schwarz inequality we obtain 

which implies (3.5). 
Thus, equation (3.1) may be viewed as a refined version of (3.5). 

In addition, if in Theorem 3.1 we set  and perform the corresponding calculations, we arrive at the critical Hardy-type inequality connected to the Badiale–Tarantello conjecture.[29], along with its sharp remainder term. 
Corollary 3.4. Let  with , where  stands for the Euclidean norm in .  
(i) For every complex-valued function , we have 
	                       (3.6)
 where the constant  is sharp.
(ii) For each complex-valued function , the following inequality holds, providing the sharp remainder estimate associated with (3.6):  
	    (3.7)
where the functional  is given by (2.28) with the choice . 

Proof of Corollary 3.4. For , we observe that 
		             (3.8)
If we set  in (3.1) and then employ the relations in (3.8) together with the Cauchy–Schwarz inequality, we derive (3.6)
We next establish (3.7). Substituting  into (3.2), then making use of the identities in (3.8), and finally applying the Cauchy–Schwarz inequality, we obtain



	                    (3.9)
 which implies (3.7). 
[bookmark: _Toc230213780]
-Higher order identities

We now turn to the higher-order  formulation of the critical Sobolev-type identity (3.2). In the particular case , the identity (3.2) reduces to 

	                 (3.10)
 and, choosing  in (3.10) and subsequently applying this identity iteratively  additional times, we arrive at 

	      (3.11)
By expanding the expressions that appear inside the norms in (3.11) and performing routine algebraic manipulations, we arrive at the higher-order identity. This identity prominently involves the  Stirling numbers of the second kind, the Oblong numbers, and the squares of double factorials.
We first establish the necessary notation and then present the main theorem.
For each , define 
	                              (3.12)
 which is the square of the double factorial.
Next, for arbitrary non-negative integers  and , introduce 
	             (3.13)
where . We also set  and . In the above, 

is the Oblong number. 
We will also require the  Stirling numbers of the second kind, which are defined by 
	                 (3.14)
for , where  is any non-negative integer. These numbers satisfy the recurrence 

for  and , together with the initial conditions 

Further details and properties can be found in [63, Chapter 8] and [64, Section 2].

With these notations, we can now state the theorem. 
Theorem 3.5.  Let ,  and let  Then, for every complex-valued function , the following identity holds: 

	(3.15)
where , , and  are given by (3.12), (3.13), and (3.14), respectively. 
Remark 3.6. When , the identity (3.15) coincides with (3.10), namely the sharp  remainder formula associated with the critical Sobolev-type inequality (3.1). 
Corollary 3.7.  If we drop the sum of -norms on the right-hand side of (3.15) and subsequently take square roots, we arrive at the following higher-order  analogue of (3.1). Let  with  and let . Then for every complex-valued function , we have 
	               (3.16)
where  denotes the double factorial of an odd integer, and the factor  is the sharp constant, which is never attained. 
Proof of Theorem 3.5. We proceed by mathematical induction.
Case . In this case, identity (3.15) coincides with (3.10), which was established in the previous section.
Now suppose that (3.15) holds for the  order. We will verify that it also holds for the  order.
Case  order. Our aim is to show that 


	              (3.17)
Replacing  in (3.15) by  gives 


	       (3.18)
We show that identity (3.18) implies identity (3.17). The proof of (3.17) is carried out component-wise. We begin with the second -norm on the right-hand side of (3.17), denoted by . This norm contains two analogous contributions, and we first treat the second one; the first can then be obtained by an identical argument.
The term 
	                (3.19)
appearing in (3.18) can be reduced, by applying Lemma 2.1, to the following form:












	        (3.20)
Now, applying the recurrence relation for Stirling numbers from (3.14) in (3.20) we get 

	                   (3.21)
We now apply the same method to the first term in the second  norm on the right-hand side of (3.18), allowing us to simplify it as follows: 


	    (3.22)
which implies 

  	       (3.23)
Substituting (3.21) and (3.23) into the second  norm on the right-hand side of (3.18) yields 


	(3.24)
We denote this quantity by . Then, in (3.32), after shifting the index , we will show how to recover , which is derived from (3.17).
Next, we analyze the left-hand side of (3.17). Using Lemma 2.1, the  norm that appears on the left-hand side of (3.18) can be simplified as follows: 



	        (3.25)
We can simplify the final term on the right-hand side of (3.25) by performing integration by parts, carried out as follows: 













It means that 

	       (3.26)
Combining (3.26) with (3.25) gives 

	       (3.27)
Now by combining (3.27), (3.18) and (3.24) we get 

	      (3.28)
Applying the identities (3.15) and (3.10) to the right-hand side of (3.28), we obtain 


	            (3.29)
After first multiplying both sides of (3.29) by 4, we then apply 

	     (3.30)
and since  it follows from (3.13) that 



	 (3.31)
In the last line we used the relation  from (3.12), together with  given in (3.13).
We now modify the sum appearing in the final line of (3.31) by making the change of variables  and by replacing  with . This replacement is valid because (3.13) asserts that . After this reformulation, an application of Lemma 2.2 yields 



	  (3.32)
Thus, we have verified the  order of (3.15) based on the  order. Therefore, Theorem 3.5 holds for all . 

Proof of Corollary 3.7. To obtain the higher-order inequality stated in (3.16), we first perform the substitution 

into the Sobolev type inequality 
	                 (3.33)
as presented in (3.1). Implementing this substitution results in 

By applying identity (3.27) with , 

	      (3.34)
after simplification, we arrive at the following second-order inequality 
	                   (3.35)
Next, substituting  into (3.35), and then using (3.34) in combination with (3.35) and (3.33), we derive the third-order inequality: 
	               (3.36)
Iterating this construction further, we obtain 
	                   (3.37)
which yields the higher-order inequality given in (3.16). Observe that the same inequality can be obtained directly by omitting the positive remainder terms on the right-hand side of (3.15).
To show that the constant  in (3.37) is sharp, we introduce the test function 

where  and  is small, and  is a positive function. Following the approach in [27, Proof of Theorem 3.1, page 665], we choose  to be a smooth, radially symmetric function satisfying the properties 
	               (3.38)
and  for each .
We will also use . Taking into account 

we have 








 where we have employed the fact that 

the integral in the denominator blows up as , while the numerator stays bounded. Indeed, on the annulus , the integrand is uniformly controlled, thanks to the estimate 




In this step, we apply formula (3.29) to expand the operator , use the general Leibniz rule, and then employ the estimate 

These ingredients together yield the sharpness of the constant in (3.16). Strictly speaking, this sharp constant would be achieved if and only if all nonnegative remainder terms occurring in identity (3.15) are identically zero. Yet, Theorem 3.1 shows that the remainder term corresponding to  in (3.15) vanishes precisely when 

Such a requirement forces the left-hand side of (3.16) to blow up unless . Therefore, the extremal for the sharp constant in (3.16) does not exist, and the sharp constant is never attained. 

[bookmark: GrindEQpgref69f8d1f712][bookmark: _Toc230213781][bookmark: _Toc231375210]Sobolev type inequalities and identities with multiple logarithmic weights

This section presents Sobolev type inequalities and identities on  that incorporate logarithmic weights and power weights, which, in specific cases, reduce to critical Hardy type identities and inequalities.

Theorem 3.8. Let  with , assume  and  (with ). Here  is the Euclidean norm on ,  is the standard gradient on , and  for any , and 
   	       (3.39)
    (i) For any complex-valued function  we have 
	            (3.40)
where constant  is sharp.
    (ii) For an arbitrary complex-valued function , the following identity holds, providing the sharp remainder term for (3.40): 

    	     (3.41)
where  

and the functional  is defined in (2.28). Furthermore,  is equal to zero if and only if 

for some function . This, in turn, forces the left-hand side of (3.41) to be infinite, unless , due to the non-integrability of the function 

on . Consequently, the sharp constant  in (3.40) is not attained. 
 
Remark 3.9. Since the inequality (3.40) is a cylindrical extension of (3.18) and (3.20), it similarly remains invariant on  under the scaling 

Remark 3.10. By setting , , and replacing  with , we recover the identity and inequality from [61, Theorem 3.1]. 
 
Corollary 3.11. Let  with , and define , where  denotes the ball of radius . Let . Suppose that 

Then we have 

	     (3.42)
 where 

Remark 3.12. From (3.42), taking , , and omitting the remainder term yields inequality (3.16). 
Remark 3.13. When the remainder term is omitted in (3.42), the transformation in (3.21) establishes its equivalence with (1.24). 
For the critical case , inequality (3.40) does not hold. In particular, the logarithmic weight  is insufficient to compensate the singularity of  at , while it introduces an additional singularity at . Furthermore, the constant on the right-hand side diverges as . A double logarithmic correction restores the balance. Thus, instead of (3.40), the following inequality and its sharp remainder identity hold.

Theorem 3.14. Let , ,  is the Euclidean norm on  and  is the standard gradient on , and 
	                   (3.43)
     (i) For any complex-valued function  we have 
	       (3.44)
 where the constant  is sharp. 
    (ii) For any complex-valued function , the following sharp remainder formula for (3.44) holds. 

	(3.45)
where 


and the functional  is as in (2.28). Moreover,  vanishes if and only if 

for some function , which makes the left-hand side of (3.45) infinite unless  on the basis of the non-integrability of the function 

on . Consequently, the sharp constant  in (3.44) is not attained. 
Corollary 3.15. Let  with , and define , where  denotes the ball of radius . Let ,  is the Euclidean norm on  and  is the standard gradient on . For any complex-valued function  we have 
	        (3.46)
where the constant  is sharp. 
Corollary 3.16. Let , and define , where  denotes the ball of radius , ,  is the Euclidean norm on  and  is the standard gradient on . For any complex-valued function  we have 
	    (3.47)
where the constant  is sharp. 
Now, let us show the proof of Theorem 3.8. 
Proof of Theorem 3.8. In the proof, we use the polar decomposition 

along with the Lebesgue measure  on the unit sphere . Since our function depends on , we write . However, for simplicity, when using polar coordinates, we denote it as . By a simple calculation, we obtain the following identity: 
	     (3.48)
Let us rewrite the left-hand side of (3.40): 


	(3.49)
where  is the ball in , and  is its complement.
In (3.49), when , the logarithmic weight serves as a correction for the singularity of the weight  at . However, this introduces a new logarithmic singularity at , which is compensated by subtracting  from . Therefore, we define .
In the case , the logarithmic weight is no longer singular, but it is also insufficient to compensate for the singularity of  at . Therefore, the term involving  should be omitted, and the function  must vanish near , i.e., we assume .
For , assuming , we consider the left-hand side of (3.40) as the sum of two integrals, as shown in (3.49).
For , we have 






	         (3.50)
that is, 

	            (3.51)
where . The boundary term at  vanishes, due to the inequalities 

and 

for , and  by assumption.
For , we get 






	     (3.52)
which is, 

	          (3.53)
where the contribution on the boundary at  vanishes as above. Combining (3.51) and (3.53) implies 
	      (3.54)
In the case , as mentioned above, there is no singularity at , but a singularity at . The same proof applies in this case, as in (3.50) and (3.52), with  omitted. The boundary terms vanish at  and , for . Thus, we have 
	      (3.55)
 where 

By using Hölder’s inequality for  on the right-hand side of inequality (3.55) we get 

	    (3.56)
which implies (3.40). Now, let us prove the sharpness of the constant . Consider the function 

which fulfills the following Hölder equality condition in (3.56): 

However, the left-hand side of our inequality is locally non-integrable at , , and . To verify the sharpness, we introduce the test function 
                  	(3.57)
where  and  is small. Here  is a function with compact support in the -variable, and  is a smooth radial cut-off satisfying 
	                (3.58)
together with the gradient bound . We also set 

Since 
	               (3.59)
we obtain 







where we have used 

since the numerator converges, because the integrand remains bounded on the annulus  thanks to the estimate 

whereas the integral in the denominator diverges as  This confirms the sharpness of the constant in (3.40). Hence, Part (i) is proved.
We now proceed to Part (ii). To establish identity (3.41), we introduce the notations 

in functional (2.28) and get  






	 (3.60)
 	Using (3.55) in (3.60), the last term in (3.60) vanishes, and we get (3.41).
To determine whether there exist nontrivial extremizers, we analyze the sharp remainder term appearing on the right-hand side of (3.41). By Proposition 2.9, we have  if and only if .
Thus, the remainder term vanishes exactly when  satisfies 
	         (3.61)
Integrating the condition 

gives 

for some function . However, any such nonzero profile makes the left-hand side of (3.41) diverge, so finiteness of the quantity in (3.41) forces . This rules out the existence of nontrivial extremizers, and the proof of Theorem 3.8 is thereby concluded. 
Proof of Corollary 3.11. To establish identity (3.42), we slightly modify (3.50). Previously, we took  and subtracted  in order to eliminate the boundary terms. Now, we instead assume , and therefore we no longer need to subtract .
Under this assumption, we obtain 

	         (3.62)
Next, if we redo the computation in (3.60), but this time with  and with  replaced by , we arrive at  


	    (3.63)
Finally, substituting (3.62) into (3.63) gives (3.42). 
Next, we prove Theorem 3.14.
Proof of Theorem 3.14. We begin by proving Part I. Define 
	                      (3.64)
for any complex-valued function . Because of the change of sign, we decompose the left-hand side of (3.44) into four separate integrals, as follows: 




	    (3.65)
due to the fact that 

Now we compute the four integrals above one by one. Since the only differences between these integrals are their signs and domains, the proofs proceed in essentially the same manner. We first establish the result for the ball , and then provide a discussion explaining how to obtain the remaining integrals. Finally, we combine all four expressions and apply Hölder’s inequality to obtain the desired inequality.
For the ball with radius , , we have  





	       (3.66)
that is, 

	      (3.67)
where . The boundary term at  vanishes, due to the inequalities 

and 

for , and  by assumption. 
For the annulus , applying the same procedure as in (3.66), we obtain 

	       (3.68)
Here, for , the boundary term at  vanishes due to estimates 

and 

For the annulus , applying the same procedure as in (3.66), we arrive at 

	      (3.69)
where, for , the boundary term at  vanishes, due to estimates 

and 

For the annulus , by following the same method, as in (3.66), we obtain 

	   (3.70)
where, for , the boundary term at  vanishes, due to estimates 

and 

Now, by combining (3.67), (3.68), (3.69), and (3.70), we get 

	        (3.71)
where 

Then, by applying Hölder’s inequality, we obtain 


	   (3.72)
which implies (3.44). The sharpness of the constant  follows from the equality case in Hölder’s inequality in (3.72), applied to the function 

which yields 

	         (3.73)
Next, we prove Part II. Let us denote 

where 

Then 

Employing the -functional with the above notation, we obtain 







	     (3.74)
Using (3.71) in the final line gives (3.45). To rule out the existence of non-trivial extremizers, we proceed exactly as in the proof of Theorem 3.8. Hence, the remainder term on the right-hand side of identity (3.45) is equal to zero if and only if . Thus, we must solve 

Integrating the equation 

yields 

for some function . However, this representation causes the left-hand side of (3.45) to diverge unless , which establishes that no non-trivial extremizers exist. This concludes the proof of Theorem 3.14. 
 
Proof of Corollary 3.15. To establish (3.46), we begin by combining (3.67) and (3.68), which yields 

  	     (3.75)
 Applying Hölder’s inequality to the right-hand side, we obtain 


	    (3.76)
and this directly yields (3.46). 

Proof of Corollary 3.16. To derive (3.47), we make a slight adjustment to (3.66). In the previous argument, we considered  and subtracted  to cancel the boundary terms. This time, we instead assume , so the subtraction of  is no longer required. Applying Hölder’s inequality then yields (3.47). 

By applying the Cauchy–Schwarz inequality to the right-hand side of (3.40), we recover the critical case of Hardy-type inequality established in [35]. This is formulated in the following corollary.
Corollary 3.17. Let  with , and for any  define . Then, for every  and every  satisfying , we obtain 
	           (3.77)
where  is as in (3.39),  is the Euclidean norm on   is the standard gradient on  and  is sharp. 
Proof of Corollary 3.17. We can write the inequality (3.40) in the following way: 

Then, by the Cauchy–Schwarz inequality, we obtain 


which implies (3.77). 
Thus, (3.40) can be regarded as a refinement of (3.77). 

In Theorem 3.8, by setting  and carrying out explicit computations, we additionally recover the critical Hardy-type inequality predicted in the Badiale–Tarantello conjecture [29], together with its associated sharp remainder formula. 
Corollary 3.18. Let   is the Euclidean norm on ,  is as in (3.39) and  for any .  
    (i) Then for any complex-valued function  we have 
           	(3.78)
 where the constant  is sharp but not attainable. 
    (ii) For any complex-valued function , we have the following inequality, which is the stability result for (3.78): 
	      (3.79)
where  
 
and the functional  is defined by (2.28) with the choice . 
Proof of Corollary 3.18. For , we have the relations 
	                   (3.80)
Setting  in (3.40) and applying (3.80) together with the Cauchy–Schwarz inequality, we arrive at (3.78).
We now turn to the proof of (3.79). In (3.41), choosing  and then using (3.80), followed by an application of the Cauchy–Schwarz inequality, gives 



	      (3.81)
which implies (3.79). Since the remainder term on the right-hand side of (3.79) is non-negative, equality in (3.78) is attained when the remainder term vanishes. As stated in Theorem 3.8, this occurs when  However, under this condition, the norm on the left-hand side of (3.78) diverges. Therefore, the sharp constant  is not attained.
In the next theorem, we estimate the remainder term in (3.41) from above and below using the same expression with different constants, for the case , utilizing the approach from [60]. This demonstrates the optimality of the remainder term up to multiplicative constants.
Theorem 3.19. Let  with , and suppose that . Here,  is as in (3.39),  denotes the Euclidean norm on , and  is the standard gradient on .
With the notations 

for any complex-valued function , the following inequality holds: 

	   (3.82)
where the constant  is explicitly given by 
	             (3.83)
and the constant  is explicitly given by 
        	(3.84)

Proof of Theorem 3.19. To establish (3.82), we utilize the inequality 

from Lemma 2.7 for the lower bound, and 

from Lemma 2.8 for the upper bound, where , , and the constants  and  are given in (3.83) and (3.84), respectively. 
 
[bookmark: GrindEQpgref69f8d1f713][bookmark: _Toc230213782][bookmark: _Toc231375211]Quantitative stability of extremizers for cylindrical Sobolev type inequalities
In this section, we employ our previous results to establish the quantitative stability of the extremizers for the cylindrical Hardy inequality (1.24) as well as for its critical counterpart (1.26). To this end, we use the following fact: for , it is shown in [59, Step 3 of the proof of Lemma 3.4] that 
    (3.85)
for some constant .
Let us define the deficit of the Hardy inequality (1.24) by 
	                  (3.86)
From the corresponding identity (1.25) and (3.85), we have 

    	          (3.87)
Then, using the  case of inequality (3.40) on the right-hand side of (3.87), we obtain the following stability result for the Sobolev type inequality (1.24).

Corollary 3.20. Let . Then there exists a constant  such that 
	                   (3.88)
holds for all , where 
	            (3.89)
denotes the distance to the family of virtual extremizers of the cylindrical Hardy inequality (1.24). Here 

and 

for any . 
Proof of Corollary 3.20. Using the  case of (3.40) on the right-hand side of (3.87), we get 

	           (3.90)
Taking the supremum over , we obtain the desired result. 

To state the stability result in the critical case (1.26), we first introduce the corresponding deficit functional. For , , and 

we define 
	      (3.91)
Corollary 3.21. Let  and . Then for every  there exists a constant  such that 
	                 (3.92)
 holds for all 

where 
	      (3.93)
denotes the distance to the family of virtual extremizers of the critical Hardy-type inequality (1.26). Here 

and 

Proof of Corollary 3.21. From (3.42) we have 

where  and  are as in Corollary 5.11. Applying (3.85) pointwise, we get 

Hence, 

Now we use (3.46) on the right-hand side of the above inequality to obtain 

  	          (3.94)
This gives the desired estimate. 
 
-Higher order identities with multiple logarithmic weights
We now turn to the -based higher-order analogue of the critical Sobolev-type identity (3.41). When , the expression in (3.41) can be rewritten as 

	           (3.95)
where 
	              (3.96)
By using  in (3.95) and iterating it times gives 

	          (3.97)
By expanding the brackets within the norms in (3.97) and carrying out the resulting computations, we derive the higher-order  identity. Remarkably, this identity naturally involves the “signed” Stirling numbers of the second kind.
Before presenting the main theorem, we introduce some notation: 
	                 (3.98)
For arbitrary nonnegative integers  and , define 
  	                     (3.99)
with the boundary values  and . Here  and . 
We also employ the following  signed Stirling numbers of the second kind: 
	            (3.100)
where  and  is any nonnegative integer. These numbers are known to satisfy the recurrence relation 

for , , together with the initial conditions 

For further background on these numbers, see [63, Chapter 8] and [64, Section 2].
We can now state the theorem. 
Theorem 3.22. Let   and . Then for any complex-valued  and  for any , we have 


	(3.101)
where ,  and  are defined in (3.98), (3.99) and (3.100) respectively. 
Remark 3.23. For , we recover identity (3.95), which represents the  sharp remainder formula associated with the critical Sobolev-type inequality (3.40). 

Corollary 3.24.  By discarding the sum of the -norms appearing on the right-hand side of (3.101) and subsequently taking the square root, we arrive at the following higher-order  variant of (3.40):
Let  with , , and  with . Then, for any complex-valued function , defining  for arbitrary , we obtain 
	        (3.102)
where  and the factor  is the optimal (sharp) constant, which is not attained. 

Proof of Theorem 3.22. We proceed by induction.
For , equality (3.101) coincides with identity (3.95), which was established in the preceding section.
Assuming that identity (3.101) is valid for the  order, we now show that it also holds for the  order.
 order. Our goal is to verify that 


	(3.103)
Replacing  in (3.101) by  gives 



	(3.104)
We now show that identity (3.104) entails identity (3.103). The proof of (3.103) is carried out componentwise. We begin with the second -norm appearing on the right-hand side of (3.103), denoted by . This norm consists of two analogous contributions; we first treat the second one in detail, as the first can be obtained by an entirely analogous argument. The expression 
	              (3.105)
in (3.104) can be simplified by using Lemma 2.3, as follows:  





	    (3.106)






	        (3.107)
Now by using the recurrence relation of signed Stirling numbers from (3.100) in (3.107) we get 

	(3.108)
Applying the same procedure, we can simplify the first term in the second  norm on the right-hand side of (3.104) as follows:  


	        (3.109)
which implies 

	           (3.110)
By using (3.108) and (3.110) in the second  norm on right-hand side of (3.104) we get 



	   (3.111)
which we denote by . Subsequently, in (3.118), after shifting the index , we will demonstrate how to obtain , which originates from (3.103).
We now proceed to treat the left-hand side of (3.104). Specifically, the –norm appearing on the left-hand side of (3.104) can be reduced, by applying Lemma 2.3, to the following form: 



	      (3.112)
To simplify the last term on the right-hand side of (3.112), we apply integration by parts as follows: 














 It means that 

	           (3.113)
 Combining (3.113) with (3.112) gives 


	(3.114)
Now by combining (3.114), (3.104) and (3.111) we get 


	        (3.115)
Using the identities (3.101) and (3.95) on the right-hand side of (3.115) we get 



	           (3.116)
Multiplying both sides of (3.116) by  and employing 


together with , from (3.99) yields 





	 (3.117)
where, in passing to the last equality, we have used  by virtue of (3.98), and  from (3.99).
Next, we rewrite the summation in the last line of (3.117) by shifting the index  to , and we substitute  with , which is justified since  by (3.99). Applying Lemma 2.4 to this reformulated expression, we obtain 




	      (3.118)
Therefore, by verifying the  order of (3.101) under the assumption that it holds for the  order, we conclude that Theorem 3.22 is valid for every integer . 

Proof of Corollary 3.24. By omitting the non-negative remainder terms on the right-hand side of (3.101), we obtain 
	     (3.119)
which is precisely the same as the higher-order inequality stated in (3.102). To demonstrate that the constant  in (3.119) is sharp, we examine the test function 

for  and small , where  is compactly supported on  and  is a smooth, radially symmetric function that satisfies 
	             (3.120)
and  for each . Let us denote . Since 

we have 








 where we have used 

Because the integral in the denominator diverges as , whereas the numerator stays finite—owing to the fact that the integrand is bounded on the annulus —the claimed result follows. This boundedness is a direct consequence of the estimate 




where we apply the expansion formula (1.29) for the operator , apply the generalized Leibniz rule, and use the bound . As a consequence, the sharpness of the constant in (3.102) is confirmed.
More precisely, the sharp constant would be attained if and only if all nonnegative remainder terms in the identity (3.101) vanish. Nevertheless, by Theorem 3.8, the remainder term corresponding to  in (3.101) disappears exactly when 

This condition forces the left-hand side of (3.102) to blow up unless . Therefore, the sharp constant in (3.102) is not actually achieved.
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In this section, we present cylindrical critical Hardy-type inequalities and identities, extending and generalizing the inequality of Edmunds and Triebel [15]. We also establish the corresponding identity, which provides the sharp remainder formula. We begin with the inequality on the unit ball, followed by its global counterpart on . Finally, we derive analogues of these results on stratified Lie groups and, more generally, on homogeneous Lie groups with arbitrary homogeneous quasi-norms. 
Theorem 3.25. Let  with , and parameters  and . Here,  denotes the Euclidean norm in , and  designates the usual gradient operator on . Let  denote the unit ball in .  
    (i) For any complex-valued function  we have 
	         (3.121)
 where the constant  is sharp. 
    (ii) For every complex-valued function , we obtain the following sharp remainder formula corresponding to (3.121): 

	   (3.122)
 where 



and the functional  is given in 2.28. Furthermore,  vanishes if and only if 

for some function . This representation forces the left-hand side of (3.122) to be infinite, unless , due to the fact that the function 

fails to be integrable on . Therefore, the sharp constant  in (3.121) is not attained on  
Remark 3.26. By setting  in (3.121), the inequality reduces to the classical result (1.14) of Edmunds and Triebel [15], while the identity (3.122) yields its sharp remainder formula. 
Remark 3.27. We note that the results in Theorem 3.25 also hold on , for any , as will be shown in the next theorem. In the case when , a singularity at  arises. And there is another singularity at . Due to these facts, we consider functions , to ensure the convergence of norms. 

Theorem 3.28. Let  with , and assume  and . Here,  denotes the Euclidean norm in , and  stands for the usual gradient operator on .  
    (i) For any complex-valued function  we have 
	     (3.123)
 where the constant  is sharp. 
    (ii) For any complex-valued function , we obtain the following sharp remainder formula corresponding to (3.123): 
	
		      (3.124)
 where 


and the functional  is given in (2.28). Moreover, there does not exist any nontrivial extremizer that makes the remainder terms on the right-hand side of (3.124) vanish. Consequently, the sharp constant  in (3.123) is not achieved by any function in 

Proof of Theorem 3.25. For  and , we have 


	      (3.125)
Then, for , by using Hölder’s inequality we get

	       (3.126)
which implies (3.121). Now let us prove the sharpness of the constant . We note that the function 

satisfies the following Hölder equality condition 

showing the sharpness of the constant. Thus, Part (i) is proved.
Now let us prove Part (ii).
We use notations 


in the functional (2.28) and get  
   




	        (3.127)
 where the last integral vanishes due to the equality (3.125) and then we have 

	    (3.128)
which implies identity (3.122).
To study the presence of nontrivial extremizers, we examine the sharp remainder term involving the  functional on the right-hand side of (3.128), observing that this term is non-negative. By Proposition 2.9, it vanishes if and only if . Hence, the condition  implies that  is the only admissible nontrivial case. Thus, the remainder term vanishes exactly when  satisfies 

Integrating 

yields 

where . However, this choice of  makes the left-hand side of (3.122) diverge unless . This rules out the existence of nontrivial extremisers and completes the proof of Theorem 3.25. 

Proof of Theorem 3.28. For any  and , to prove the inequality (3.123) we write the left-hand side of it in two integrals 

	   (3.129)
and calculate them separately. First, we calculate the first integral and get 



	       (3.130)
Next, we calculate the second integral and get 


	      (3.131)
By combining (3.130) and (3.131), we get 
	   (3.132)
where 

Then, for , by using Hölder’s inequality we get 

	  (3.133)
which implies (3.123).
We now establish that the constant  is sharp. Observe that the function 

satisfies the Hölder equality condition 

which confirms that the constant cannot be improved. This completes the proof 
of  Part (i).
Now let us prove Part (ii).
We use the notations 

that is

The value of  on  is irrelevant. Put

and 

Then

Applying the functional (2.28), we get



	       (3.134)
Therefore,



Using (3.132), equivalently

we get


Hence,

        (3.135)
This establishes the identity (3.124).
The nonexistence of nontrivial extremizers is obtained by the same reasoning as in the proof of Theorem (3.25).
This completes the proof of Theorem 3.28.
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In this section we establish a general weighted cylindrical Hardy inequality that provides a unified mechanism for producing sharp inequalities with a wide range of weights. The result is formulated in terms of an admissible weight profile  and yields an explicit pair of weights  together with the optimal constant and a sharp remainder identity. A key advantage of this approach is that the weights are given by simple closed formulas in terms of  and , so they are easy to compute in concrete examples and lead to explicit inequalities. Moreover, in the radial case (when ) the resulting pair  fits naturally into the -Bessel pair framework, providing a clear variational mechanism for sharpness. This framework systematically recovers classical and critical Hardy-type estimates, and it also generates new non-radial and anisotropic inequalities adapted to cylindrical geometries. 

Theorem 3.29. Let  with , , ,  open,  is the Euclidean norm on   is the standard gradient on . Assume  is positive and satisfies  on , where  denotes the singular set associated with the weights and vector fields involved.  
    (i) Then, for any complex-valued function  we have 
	                (3.136)
 where 
 	             (3.137)
    (ii) For any complex-valued function  we have the following sharp remainder formula for (3.136): 

 	     (3.138)
where the functional  is given in (2.28). Inequality (3.136) is sharp, and equality holds whenever the remainder terms on the right-hand side of the identity (3.138) vanish. This happens if and only if  and . Thus,  is a formal extremal (candidate) for the inequality (3.136). 
Remark 3.30. The singular set  may contain points of different nature. Some singularities (e.g. ) arise from the degeneracy of the vector field  and are needed to justify integration by parts. Others depend on the specific behavior of the weights (for instance, logarithmic singularities in critical Hardy inequalities) and are related to integrability issues rather than to the validity of the differential identities. 
Remark 3.31. (Euler-Lagrange equation and Bessel pairs for (3.136)) The inequality (3.136) has a natural variational interpretation. Consider the functional 

where the weights  and  are given by (3.139) and  is a Lagrange multiplier. The sharp constant  in (3.136) is equivalent to the variational threshold  for the functional  Hence  Formally, critical points of  satisfy the associated Euler–Lagrange equation 
	     (3.139)
in the weak sense, where  denotes the divergence in the -variables.
Assume in addition that the weights are radial in , i.e.  and  with , and consider radially symmetric functions . Then , and (3.139) reduces (for each fixed ) to the one-dimensional equation 
	    (3.140)
In the radial setting, the existence of a positive solution  to (3.140) on an interval is precisely the underlying mechanism in the theory of -Bessel pairs (see, for instance, the Hardy-type framework developed by Ghoussoub and Moradifam [65], as well as its subsequent extensions to the p-Laplacian setting in [66]. In particular, the sharpness discussion in Theorem 3.29 shows that the profile 

is the formal extremal candidate; moreover, equality in (3.136) can occur only in the critical case , in which case the remainder terms in (3.138) vanish precisely for .
Finally, equality in (3.136) is typically not attained in the natural energy space. Indeed, the formal extremals exhibit singular behavior near the singular set , leading to boundary or interior blow-up. Consequently, the sharp constant in (3.136) is attained only in a formal sense, a feature characteristic of Hardy inequalities. 

Proof of Theorem 3.29. Let us prove Part (i). By using integration by parts, we obtain 

	     (3.141)
Now in (3.141), using Hölder’s inequality for  yields 


	     (3.142)
which proves (3.136).
To prove the sharpness of the inequality, we investigate the equality condition of Hölder inequality used in (3.142). If we use  in (3.142) equality holds as follows: 

which shows the sharpness of the inequality. The function  is the formal extremal for the inequality (3.136).
Now we will prove Part (ii). By using  and , with  as in (3.137), in the functional  and integrating, we get 

	       (3.143)
where the last integral is 


	 (3.144)
due to (3.141). This implies (3.138). Equality in (3.136) holds if and only if the remainder terms on the right-hand side of the identity (3.138) vanish. From the Proposition 2.9, we know that the functional  in (3.138) vanishes if and only if  Then, one can easily see that it happens when , which will be the formal extremal function of inequality (3.136). 

Next, we present several consequences of Theorem 3.29 obtained through specific choices of the weight function  and the parameter , which are collected in the following corollaries.
We first observe that Theorem 3.29 also yields weighted Hardy-type inequalities on  together with an explicit sharp remainder identity. To this end, we choose 

Then 

provided that . Substituting this choice into (3.139) yields the corresponding weights 

With these choices, the resulting inequality involves identical power weights on both sides. As a consequence, Theorem 3.29 partially recovers the Hardy-type inequality obtained in [35, Theorem~2] in the case , as stated in the following corollary.

Corollary 3.32 (Weighted cylindrical Hardy inequality with sharp remainder). Let  with , , and let . Then, for every complex-valued function , we have 
	                 (3.145)
and the constant  is sharp.
Moreover, the following sharp identity holds: 

	       (3.146)
where  is as in (2.28). In particular, equality in (3.145) holds if and only if 

which is a formal extremal and does not belong to . 

We now choose a weight generating a geometric Hardy type inequality in the cylindrical ball . Let 

Then  in , , and a direct computation gives 

Substituting this choice into (3.137) yields the explicit weights 

Consequently, Theorem 3.29 produces the following sharp cylindrical geometric Hardy inequality and an explicit sharp remainder identity.

Corollary 3.33 (Cylindrical boundary Hardy inequality with sharp remainder). Let  with , , and let . Define . Then, for every complex-valued , 
	             (3.147)
 and the constant  is sharp and not attained in . Moreover, the following sharp remainder identity holds: 


	   (3.148)
where  is as in (2.28). In particular, equality in (3.147) can occur only if  and 

which is a formal extremal and doesn’t belong to . 

Next, we apply Theorem 3.29 with , choosing 

A direct computation shows that 

Consequently, the corresponding weights in (3.139) are given by 

and 

Substituting these expressions into Theorem 3.29 yields a unified Hardy-type inequality on  with sharp constant and an explicit remainder term. This result provides cylindrical extensions of several known inequalities, including the improved subcritical Hardy inequality, the critical Hardy case, and geometric Hardy inequalities previously obtained by Sano [27].

Corollary 3.34. Let  with , , and let , , , . Define 

Then, for every complex-valued  we have 
	         (3.149)
and the constant  is sharp.
Furthermore, the following sharp remainder identity holds: 


	    (3.150)
where  and  is as in (2.28). In particular, equality in (3.149) can occur only if  and 

which is a formal extremal and doesn’t belong to . 

Remark 3.35 (Logarithmic Hardy inequality as a limiting case). The inequality (3.149) becomes trivial when , since the best constant  vanishes. However, a nontrivial inequality can be recovered by passing to the limit .
Indeed, using the expansion 

we obtain 

Passing to the limit in (3.149) yields the logarithmic Hardy inequality 
	          (3.151)
valid for , , and . Inequality (3.151) may thus be viewed as the critical logarithmic limit of (3.149). 

We now derive a two–boundary (annular) Hardy-type inequality from Theorem 3.29. Let 

and choose the radial weight 

Then  on  and . Moreover, 

where  Hence 

Substituting this choice into (3.137) yields explicit weights 


which capture the effect of both boundary components  and .

Corollary 3.36 (Two-boundary cylindrical Hardy inequality on an annulus with sharp remainder). Let , , and . Set 



Then, for every complex-valued , we have 
	    (3.152)
In particular, the constant  in (3.154) is sharp.
Moreover, the following sharp remainder identity holds: 


	   (3.153)
where  is as in (2.28). Furthermore, equality in (3.152) can occur only if  and  (formal extremal). 

Next we derive an Agmon-type exponential inequality as a consequence of Theorem 3.29. Such inequalities are fundamental in the study of exponential decay of solutions to elliptic and parabolic equations with confining potentials. We choose 

Then  is positive and satisfies 

hence 


Corollary 3.37 (Agmon-type exponential Hardy-Poincare inequality). Let  with , , and let . Then, for every complex-valued function , we have 
	        (3.154)
and the constant  is sharp.
Moreover, the following sharp remainder identity holds: 

	        (3.155)
 where  is as in (2.28).
In particular, equality in (3.154) holds if and only if  and 

which is a formal extremal. 

We end this section with an example where the weight  is chosen in an anisotropic (non-radial) way, leading to a Hardy inequality whose weights depend on the matrix  and are not functions of  alone. The next corollary states the resulting inequality with the weights written explicitly, and it also preserves the sharp remainder identity.

Corollary 3.38 (Anisotropic power weights (direction-dependent Hardy)). Let  with  and . Let  be symmetric positive definite and let ,  with . Define 

Then  on , and for every complex-valued  we have 
	  (3.156)
 where the constant  and  is formal extremal. Moreover, the sharp remainder identity (3.138) holds with this choice of . 

Proof. We verify the computations used in Theorem 3.29.
Step 1: compute . Set . Then . For , 

By the chain rule, 

since  is symmetric, hence .
 Step 2: compute . Using the previous identity, 

Because  is positive definite,  for , and since  and , we obtain 

Thus Theorem 3.29 applies on .
Step 3: compute the weights  and . By definition (3.137) and the explicit formula above, 

Moreover, 

Hence 



Step 4: conclude. Substituting these  and  into Theorem 3.29(i) yields (3.156). The sharp remainder identity follows by the same substitution in Theorem 3.29(ii). 
Remark 3.39 (General (not necessarily symmetric) matrices). Let  be invertible (not necessarily symmetric) and fix , . Define 

Then  and, by the chain rule, 

Consequently, 

where we used  and invertibility of  (which guarantees  for ). Hence Theorem 3.29 applies on  and yields, for every complex-valued , 
	      (3.157)
Moreover, the formal extremal profile is  (and equality can occur only when ). Finally, if  is symmetric positive definite, then  and one may rewrite the weights in terms of  as in Corollary 3.38. 

Conclusion of the section. In this section we established a general weighted cylindrical Hardy inequality (Theorem 3.29) together with its sharp remainder identity. By choosing different admissible weights , we derived a family of explicit sharp inequalities as corollaries, including power-type and logarithmic weights, annular (distance-to-boundary) forms, and anisotropic non-radial examples. These results provide a unified and flexible tool for producing sharp cylindrical Hardy inequalities adapted to various geometries and applications.
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In this section, we give the critical case of the Sobolev-Hardy inequality by Badiale–Tarantello [29, Remark 2.3]. Let us start by recalling this inequality: 
Let , ,  and , ,  is the Euclidean norm on . Then, for all  we have 
	                 (3.158)
 where 

For , the Hardy-Sobolev inequality (3.158) does not hold. Instead, we will discuss its critical cases in the following theorem.

Theorem 3.40. Let , ,  and  is the Euclidean norm on . Then  
    (i) for any function , where , we have 
	                (3.159)
    (ii) for any function  we have 
	              (3.160)
    (iii) for any function  and , where , we have 
	                (3.161)
 where  is the Euclidean norm on   is the standard gradient on  and 

Proof. Let us first prove Part (i). Let us assume , where . By simple calculation, we get next identity: 
	    (3.162)
 By using this identity and integration by parts we have 


	   (3.163)
which is simplified to 
	           (3.164)
Now, in (3.164), using Schwarz’s inequality and Hölder’s inequality for  yields to 


	     (3.165)
that is, 
	     (3.166)
where  is the Sobolev conjugate of , since .
By using Sobolev’s inequality on the right-hand side, we obtain 

            (3.167)
which implies (3.159) with constant 

Now, let us prove Part (ii).
Let us assume . We write the left-hand side of (3.160) in two integrals 

	  (3.168)
and calculate them separately. First, by using identity  for  and integration by parts we get 




	      (3.169)
that is, 
	        (3.170)
Next, we use identity  for  and integration by parts to get 




	     (3.171)
which is simplified to 
	      (3.172)
Now, we combine (3.170) and (3.172), then by using Schwarz’s inequality and Hölder’s inequality for  we get 



	    (3.173)
that is 
	     (3.174)
where Sobolev conjugate of  is , since .
By using Sobolev’s inequality on the right-hand side we obtain

         (3.175)
 which implies (3.160) with constant 

Lastly, we prove Part (iii).
Let us assume  and , where . By simple calculation, we get next identity: 
	   (3.176)
 Let us rewrite the left-hand side of (3.161): 

	    (3.177)
where  is the ball in , and  is its complement. For ,  is derived from (3.176). By using this identity and integration by parts we have 



	     (3.178)
 that is, 

	    (3.179)
For ,  is derived from (3.176). By using this identity and integration by parts we get 



	  (3.180)
which is, 

	             (3.181)
Now, we combine (3.179) and (3.181), then by using Schwarz’s inequality and Hölder’s inequality for  we get 


	(3.182)
where  is the Sobolev conjugate of , since .
By using Sobolev’s inequality on the right-hand side we obtain 

            (3.183)
which implies (3.161) with constant 

Thus, proof of Theorem 3.40 is completed. 
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In this section, we introduce cylindrical uncertainty-type inequalities with general weight functions, which, in certain special cases, specialize to well-known classical inequalities. 
Theorem 3.41. Let , with , , and  a radial function, where  denotes the Euclidean norm on ,  is the usual gradient operator on , and . Then  
    i. for any complex-valued function  

	       (3.184)
    ii. for any complex-valued function  

	       (3.185)
    iii. for any complex-valued function  

	   (3.186)
    iv. for any complex-valued function  

         (3.187)
Here, the domain , and  denotes the set of points where the integrands become singular or where boundary terms fail to vanish due to the specific choice of the function . By excluding  from the domain of the function space, we ensure that all boundary terms vanish. 
Remark 3.42. In (3.184) taking  and , implies inequality (1.24), which is from [35, Theorem 2.], as follows: 
	              (3.188)
where the constant  is sharp. In particular cases, when  and the Cauchy-Schwarz inequality is used at the right-hand side (3.190) implies the cylindrically extended Hardy inequality with sharp constant, when  (3.188) implies the cylindrically extended Sobolev type inequality. 
Remark 3.43. In (3.184), choosing  and  yields the critical case: 
	           (3.189)
which corresponds to the critical case of (3.188). The constant  in (3.189) is sharp.
Because  switches sign when passing from the unit ball to its exterior, we prove inequality (3.189) separately on  and on , and then combine the two estimates: 

	       (3.190)
Inequality (3.189) holds for functions , ensuring that the boundary term at  vanishes. The inequality (3.191) also holds both for the unit ball and for its complement, respectively, for functions  and . 
Remark 3.44. In (3.184), choosing , , ,  and then using Cauchy-Schwarz inequality on the right-hand side yields the critical Hardy inequality (1.14), by Edmunds and Triebel: 
	        (3.191)
In this case, in (3.184) null set  is the empty set, as there is no singularity inside the unit ball . 
Remark 3.45. In (3.185) taking ,  and , implies 
	         (3.192)
which is another critical case of (3.188). 
Remark 3.46. By choosing ,  and  in (3.186), we recover one another critical case of (3.188): 
	             (3.193)
which corresponds to inequality (3.1), which is from [61, Theorem 3.1]. 
Remark 3.47. In (3.184) taking , implies 
	       (3.194)
where the constant  is sharp, and  with  serves as an extremizer.
For the special case , , and upon applying the Cauchy–Schwarz inequality to the right-hand side, (3.194) yields 
	           (3.195)
where constant  is sharp and  is extremizer, .
In case , (3.95) implies the following classical Heisenberg-Pauli-Weyl uncertainty principle: 
	                  (3.196)
where constant  is sharp and  is extremizer, . 
 
Proof of Theorem 3.41. By using integration by parts, we obtain 


	           (3.197)
 Now in (3.197) using Hölder’s inequality for  yields to 

	     (3.198)
which proves (3.184). On the other hand, using Young’s inequality for , in (3.197) implies 

 	     (3.199)
which establishes (3.185). To derive inequalities (3.186) and (3.187), we again apply Hölder’s and Young’s inequalities on (3.197), this time grouping the function  with the differential term. 
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Sobolev-Hardy type inequalities and identities on stratified Lie groups
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We now formulate the above results in the framework of stratified Lie groups. Since the techniques used to prove these statements are not specific to the Euclidean setting, they carry over directly to the case of stratified Lie groups. Therefore, to avoid repetition, we state the following results without providing their proofs.
Note. This chapter draws heavily on the author’s previously published works: [61, 62, 67, 68]. Several parts of the text are reproduced from, or adapted on the basis of, these publications.

Theorem 4.1  Let  be a stratified group, where  denotes the dimension of its first stratum,  represents the homogeneous dimension of ,  is the Euclidean norm on ,  stands for the horizontal gradient on , and   
    (i) Then for any complex-valued function  we have 
           	           (4.1)
 where  is sharp. 
    (ii) For every complex-valued function , we obtain the following identity, which provides the sharp remainder term formula for (4.1): 

	 (4.2)
where the functional  is given in (2.28). 
Remark 4.2. Inequality (4.1) corresponds to the critical case of the inequality in [38, Theorem 3.1] obtained by setting . 
By applying the Schwarz inequality to the right-hand side of (4.1), we obtain the critical case of the Hardy-type inequality stated in [38, Corollary 3.3]. This is shown in the next corollary.
Corollary 4.3. Let  be a stratified group, and denote by  the dimension of its first stratum. Then, for every  and for all , the following inequality holds: 
 	                (4.3)
 where  denotes the Euclidean norm in  and  is the horizontal gradient on . Furthermore, the constant  is sharp. 

The inequality (4.1) may be viewed as a refinement of (4.3). 

By specializing inequality (4.1) to the case  and carrying out some additional computations, we derive the critical case of the Hardy-type inequality appearing in the Badiale–Tarantello conjecture [29] on stratified Lie groups. In addition, we establish the associated sharp remainder formula in this setting. 
Corollary 4.4. Let  be a stratified group whose first stratum has dimension , let  denote the Euclidean norm on , and let  be the horizontal gradient on .
     (i) For every complex-valued function  we have 
	                         (4.4)
 and the constant  is optimal. 
    (ii) For any complex-valued function  we also have 
	
	   (4.5)
 where the functional  is given by (2.28) with the specific choice . 
 

By employing the same approach, one can obtain higher-order identities and inequalities on stratified Lie groups. We formulate these in the subsequent theorems and corollaries.

-Higher order identities
We now turn to the  higher-order analogue of the critical Sobolev-type identity (4.2). When , the relation (4.2) becomes 

	                  (4.6)
and, by substituting  into (4.6) and iterating this procedure  times, we arrive at 

	   (4.7)
By expanding the expressions inside the  norms in (4.7) and performing straightforward algebraic manipulations, we derive the corresponding higher-order identity. Remarkably, the resulting formula features the Stirling numbers of the second kind, the oblong numbers, and the squares of double factorials.
We can now state the theorem. 
Theorem 4.5. Let  be a stratified group whose first stratum has dimension , and let . Then, for every , the following holds 

	  (4.8)
where  is in (3.98),  is in (3.99), and  and  are in (3.14). 
Corollary 4.6.  Let  be a stratified group whose first stratum has dimension , and let . Then, for every , the following inequality holds: 
	                  (4.9)
where  denotes the double factorial of an odd integer. 

We now present the next lemma, which will play a key role in the proof of     Theorem 4.5.
Lemma 4.7.  Let  be a stratified group with N being the dimension of the first stratum and  Then for any , we have 

	      (4.10)
where  is the horizontal gradient on  

Proof of Theorem 4.5. We argue by induction.
 In this case, equality (4.8) reduces to identity (4.2), which was established in the previous section.
Assuming that identity (4.8) is valid for order , we now show that it also holds for order .
 order. Our goal is to prove that 

	 (4.11)
 Replacing  in (4.8) by  gives 


	      (4.12)
We now show that identity (4.12) entails identity (4.11). To this end, we prove (4.11) step by step. We begin with the second  norm on the right-hand side of (4.11), which we denote by . This norm contains two analogous terms; we shall first treat the second one, noting that the first can be obtained by the same argument.
The quantity 
	                 (4.13)
appearing in (4.12) can be simplified by applying Lemma 4.7 as follows:











	       (4.14)
Now, applying the recurrence relation for the Stirling numbers from (3.14) to (4.14), we obtain 

  	       (4.15)
Applying the same procedure, we can simplify the first term in the second  norm on the right-hand side of (4.12) as follows: 


	     (4.16)
which implies 

 	(4.17)
By substituting (4.15) and (4.17) into the second  norm on the right-hand side of (4.12), we obtain 


	  (4.18)
which we denote by . In (4.24), after shifting the index , we will then demonstrate how to obtain , which corresponds to (4.11).
Next, we turn to the left-hand side of (4.11). The  norm appearing on the left-hand side of (4.12) can be simplified by applying Lemma 4.7 as follows: 



	           (4.19)
To handle the last term on the right-hand side of (4.19), we apply integration by parts in the following way: 












It means that 

	(4.20)
Combining (4.20) with (4.19) gives 

	   (4.21)
Now by combining (4.21), (4.12) and (4.18) we get 

	          (4.22)
By applying the identities (4.8) and (4.6) to the right-hand side of (4.22), we obtain 


	        (4.23)
Multiplying both sides of (4.23) by 4 and applying 


together with  yields, by (3.99), 


	 (4.24)
where, in the last line, we have applied  from (3.98) and used that  by (3.99).
Now, if we rewrite the sum in the last line of (4.24) by substituting  with  and replacing  by —using the fact that  from (3.99)—and then apply Lemma 2.2, we obtain 



	  (4.25)
Thus, we have verified the  order of (4.8) based on the  order. Hence, Theorem 4.5 holds for all . 

Proof of Corollary 4.6. To obtain the higher-order inequality in (4.6), we first perform the substitution 

into the Sobolev type inequality 
	                       (4.26)
which is given in (4.1). This substitution leads to 

Using the identity (4.21) for , 

	    (4.27)
we obtain, after simplification, the second-order inequality 
	                 (4.28)
Next, inserting the substitution  into (4.28) and making use of (4.27) along with (4.28) and (4.26), we arrive at the corresponding third-order formulation: 
	                   (4.29)
By repeating this iterative procedure, we arrive at 
	                (4.30)
which yields the higher-order inequality presented in (4.9). Observe that the same inequality can alternatively be obtained by discarding the positive remainder terms on the right-hand side of (4.8). 
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This section presents Sobolev type inequalities and identities on a stratified Lie group  that incorporate logarithmic weights and power weights in the first stratum variables. In particular cases, these results reduce to horizontal critical Hardy type identities and inequalities.

Theorem 4.8. Let  be a stratified group with  being the dimension of the first stratum and  the homogeneous dimension. Write  with , let  be the Euclidean norm on , and let  denote the horizontal gradient on . Assume ,  and . For  define 

and 
	              (4.31)
    (i) For any complex-valued function  as above we have 
	                 (4.32)
 where the constant  is sharp.
    (ii) Moreover, for any complex-valued function  as above we have the following identity, which is the sharp remainder formula for (4.32): 
	
	  	(4.33)
 where  

and the functional  is defined in (2.28). Moreover,  vanishes if and only if 

for some function  on , which makes the left-hand side of (4.33) infinite unless , due to the non-integrability of 

on . Consequently, the sharp constant  in (4.32) is not attained. 
Remark 4.9. The inequality (4.32) is invariant under the scaling in the -variables 

which acts only on the first stratum component. 
Remark 4.10. By taking , , and replacing  with , one recovers the corresponding horizontal identity and inequality on . 

For the critical case , the inequality (4.32) does not hold, since the weight  is insufficient to balance the singularity at  and introduces an additional singularity at , while the constant on the right-hand side diverges as . A double logarithmic correction restores the balance. Thus, instead of (4.32), the following inequality holds: 
Theorem 4.11.  Let  be a stratified group with  being the dimension of the first stratum. For  let  denote the Euclidean norm on the first stratum, and let  be the horizontal gradient. For , define 
	               (4.34) 
    (i) For any complex-valued function , we have 
		      (4.35)
 where the constant  is sharp.
    (ii) For any complex-valued function , the following sharp remainder formula for (4.35) holds: 

	        (4.36)
where 


and the functional  is as in (2.28).
Moreover,  vanishes if and only if 

for some function . In this case, the left-hand side of (4.36) is infinite unless . Consequently, the sharp constant  in (4.35) is not attained. 
 
Corollary 4.12.  Let , where . For any complex-valued function  we have 
 	        (4.37)
where the constant  is sharp. 
Corollary 4.13.  Let , where . For any complex-valued function  we have 
	      (4.38)
 where the constant  is sharp. 

-Higher order identities with multiple logarithmic weights
We now present the  higher-order version of the horizontal critical Sobolev type identity (4.33). The iterative procedure leading to the higher-order formula is exactly the same as in the Euclidean case, with the only modification being the replacement of  by  and the integration over . Therefore, we state the result without proof and refer to the notation introduced in the Euclidean setting, namely (3.98), (3.99), and (3.100).

Theorem 4.14. Let  be a stratified group with  being the dimension of the first stratum, and let  and  with . For  write  for any . Then for any complex-valued function  we have 


	  (4.39)
where ,  and  are exactly the same coefficients as in (3.98), (3.99), and (3.100), respectively, and  is defined as in (4.31). 
Remark 4.15. When , identity (4.39) reduces to the horizontal  remainder formula corresponding to (4.33). 

Corollary 4.16.  By omitting the sum of -norms on the right-hand side of (4.39) and then taking the square root, we arrive at the following higher-order inequality on : 
	    (4.40)
where  is the same coefficient as in the Euclidean case, and  is the sharp constant, which is not attained. 
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Next, we give an analogue of Theorem 3.25 and Theorem 3.28 on stratified Lie groups. As proof follows the same way, we provide the Theorems without their proofs.

Theorem 4.17.  Let  be a stratified group with N being the dimension of the first stratum,  is the Euclidean norm on   is the horizontal gradient on ,  and  Let  be the unit ball on .  
    (i) For any complex-valued function  we have 
	        (4.41)
where the constant  is sharp. 
    (ii) For any complex-valued function  we have next sharp remainder formula for (4.41): 

	       (4.42)
 where 


and the functional  is given by (2.28).

Theorem 4.18. Let  be a stratified group with N being the dimension of the first stratum,  is the Euclidean norm on   is the horizontal gradient on ,  and   
    (i) For any complex-valued function  we have 
	           (4.43)
where constant  is sharp. 
    (ii) For any complex-valued function  we have next sharp remainder formula for (4.43): 

	      (4.44)
where 

and the functional  is given by (2.28). Moreover, there is no nontrivial extremizer, which would vanish the remainder terms on the right-hand side of (4.44). Thus, the sharp constant  in (4.43) is not attained on  
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In this section, we establish a general weighted horizontal Hardy inequality and identity on a stratified Lie group , providing a unified mechanism for deriving sharp inequalities for a broad class of weights. The construction is driven by an admissible profile  depending only on the first stratum variable , and it produces an explicit pair of weights  together with the optimal constant and a sharp remainder identity. A key point is that  and  are given by closed formulas in terms of  and , so they are easy to compute and lead to fully explicit inequalities. In the radial case (when ), the pair  fits naturally into the -Bessel pair framework, clarifying the variational mechanism behind sharpness. This setting recovers classical and critical Hardy-type estimates and also yields non-radial and anisotropic inequalities on a stratified Lie group .

Theorem 4.19.  Let  be a stratified group, with  being the dimension of the first stratum and  the homogeneous dimension. Write  with , let  be the Euclidean norm on , and let  denote the horizontal gradient on . Assume , , and  is open. Let  be positive and satisfy  on , where  denotes the singular set associated with the weights and vector fields involved. Then:  
    (i) For any complex-valued function  we have 
	                 (4.45)
 where 
	                (4.46)
    (ii) For any complex-valued function  we have the following sharp remainder formula for (4.45): 

	  (4.47)
where the functional  is defined in (2.28). 
Inequality (4.45) is sharp, and equality holds whenever the remainder terms on the right-hand side of (4.47) vanish. This happens if and only if  and . Thus,  is a formal extremal (candidate) for (4.45). 

Proof of Theorem 4.19. The proof repeats the Euclidean argument, replacing  by  and integrating over  with respect to the Haar measure.
 Part (i). Using horizontal integration by parts on  we obtain 
	(4.48)
 Applying Hölder’s inequality to (4.48) yields 


	      (4.49)
which gives (4.45) with  as in (4.46). Sharpness follows from the equality case in Hölder’s inequality by taking , which satisfies 

 Part (ii). Let 

with  as in (4.46). Substituting into  and integrating yields 


 and the last integral equals 


 by (4.48). Rearranging gives (4.47). Equality in (4.45) holds iff the remainder terms in (4.47) vanish, i.e. iff  and . 

Next, we record several consequences of Theorem 4.19 obtained by fixing particular choices of the profile  and the parameter .
1) Power weights. Take 

If , then 

Substituting into (4.46) yields 

Corollary 4.20.  Assume . Then for every complex-valued  we have 
	               (4.50)
and the constant  is sharp. Moreover, the following sharp identity holds: 

	  (4.51)
where  is as in (2.28). In particular, equality in (4.50) is possible only for the formal extremal . 

2) Boundary weights. Let  and set 

A direct computation shows that 

and hence 

Corollary 4.21.  Let . Then, for every complex-valued , 
	            (4.52)
and the constant  is sharp and not attained in . Moreover, 


	      (4.53)
In particular, equality in (4.52) can occur only if  and  (formal extremal). 

3) Unified ball-weights and logarithmic limiting case. Let  and choose 

where , , and . Then 

and Theorem 4.19 gives the following consequence.
Corollary 4.22. Let , , , and . Then for every complex-valued  we have 
    	(4.54)
 and the constant  is sharp. Moreover, the sharp remainder identity is 


	    (4.55)
where  and  is as in (2.28). In particular, equality in (4.54) can occur only if  and  (formal extremal). 
Remark 4.23 (Logarithmic Hardy inequality as a limiting case). As in the Euclidean case, letting  in (4.54) gives the logarithmic Hardy inequality 


4) Two-boundary (annular) inequality. Let 

and set 

Then  in , and hence 

Corollary 4.24.  Let  and . Then, for every complex-valued , 
	    (4.56)
 and the constant  is sharp. Moreover, the following sharp remainder identity holds: 


	      (4.57)
where  is as in (2.28). Furthermore, equality in (4.56) can occur only if  and  (formal extremal). 

5) Agmon-type exponential inequality. Let 

Then  and hence 

Corollary 4.25.  Let . Then for every complex-valued  we have 
	           (4.58)
and the constant  is sharp. Moreover, the following sharp remainder identity holds: 

	         (4.59)
In particular, equality in (4.58) holds if and only if  and  (formal extremal). 

6) Anisotropic power weights. Let  be symmetric positive definite and define 

Then  on , and Theorem 4.19 yields the following anisotropic Hardy inequality, whose weights are not functions of  alone.
Corollary 4.26.  Let . Then for every complex-valued  we have 
	   (4.60)
where the constant  is sharp and  is a formal extremal. Moreover, the sharp remainder identity (4.47) holds with this choice of . 

Proof. The verification is the same as in the Euclidean case since  depends only on . Setting , we have , hence 

and therefore 

Substituting into (4.46) gives the weights in (4.60), and (4.60) follows from Theorem 4.19(i). The remainder identity is obtained by the same substitution in Theorem 4.19(ii). 

Remark 4.27 (General (not necessarily symmetric) matrices). Let  be invertible (not necessarily symmetric) and fix , . Define  for . Then 

and hence 

Thus Theorem 4.19 applies on  and yields 

with formal extremal  (and equality can occur only when ). If  is symmetric positive definite, one may rewrite the weights via  as in Corollary 4.26. 

Conclusion of the section. In this section we derived a general weighted horizontal Hardy inequality on  (Theorem 4.19) together with its sharp remainder identity. By selecting admissible profiles , we obtain explicit sharp inequalities as corollaries, including power-type and logarithmic weights, two-boundary (annular) forms, an Agmon-type exponential inequality, and anisotropic non-radial examples. These results provide a unified and flexible tool for producing sharp cylindrical Hardy inequalities on stratified geometries and applications.
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In this section, we will investigate critical cases of the Sobolev-Hardy inequalities on stratified Lie groups.
First, we will show the analogue of the Sobolev-Hardy inequality by Badiale-Tarantello, on stratified Lie groups, in the following theorem.

Theorem 4.28. Let  be a stratified group with N being dimensions of the first stratum, . For  such that  and , let . For simplicity we will denote  with . Then for any function  there exists a positive constant  such that 
	                    (4.61)
 where  is the Euclidean norm on   is the horizontal gradient on  and 


Proof. For , inequality (4.61) reduces to classical Sobolev inequality. So we assume that  and prove this inequality in two cases:  and . 
Case 1. , . For simplicity we use  in place of . By using identity (2.5), integration by parts and Schwarz’s inequality we get 


                     (4.62)
Now, using Hölder’s inequality for  and simplifying yields to 

	      (4.63)
that is, 
	          (4.64)
where  is the Sobolev conjugate of , since .
By using Sobolev’s inequality on the right-hand side we obtain 

                    (4.65)
 which implies (4.61) with constant 

The result can be obtained using analogous and easier reasoning when .
Case 2. . To address this scenario, we handle it by employing interpolation techniques that bridge the gap between the cases when  (Sobolev’s inequality) and  (as previously demonstrated). To accomplish this, it is important to notice that 

where  and  is Sobolev conjugate of  Then by using Hölder’s inequality and interpolation we have 



	                (4.66)
 which implies (4.61) with constant 


Remark 4.29. In case when , inequality (4.61) reduces to classical Sobolev inequality. 

Theorem 4.30. Let  be a stratified group with N being the dimensions of the first stratum, ,  and . Then there exists a positive constant  such that  
   (i) for any function , where , we have 
 	             (4.67)
    (ii) for any function  we have 
	              (4.68)
   (iii) for any function  and , where , we have 
	                 (4.69)
where  is the Euclidean norm on   is the horizontal gradient on  and 

Proof. Let us first prove Part (i). Let us assume , where . By simple calculation, we get next identity: 
	   (4.70)
By using this identity and integration by parts we have 


	    (4.71)
which is simplified to 
	        (4.72)
Now, in (4.72), using Schwarz’s inequality and Hölder’s inequality for  yields to 


	   (4.73)
that is, 
		 (4.74)
where  is the Sobolev conjugate of , since .
By using Sobolev’s inequality on the right-hand side, we obtain 
	
         (4.75)
which implies (4.67) with constant 

Now, let us prove Part (ii).
Let us assume . We write the left-hand side of (4.68) in two integrals 

	     (4.76)
and calculate them separately. First, by using identity  for  and integration by parts we get 




	    (4.77)
that is, 
	        (4.78)
Next, we use identity  for  and integration by parts to get 




	        (4.79)
which is simplified to 
		         (4.80)
Now, we combine (4.78) and (4.80), then by using Schwarz’s inequality and Hölder’s inequality for  we get 




that is 

	             (4.81)
where Sobolev conjugate of  is , since .
By using Sobolev’s inequality on the right-hand side we obtain 
	
        (4.82)
which implies (4.68) with constant 

Lastly, we prove Part (iii).
Let us assume  and , where . By simple calculation, we get next identity: 
	  (4.83)
 Let us rewrite the left-hand side of (4.69): 

	 (4.84)
where  is the ball in , and  is its complement. For ,  is derived from (4.83). By using this identity and integration by parts we have 



	    (4.85)
 that is, 

	           (4.86)
For ,  is derived from (4.83). By using this identity and integration by parts we get 



	   (4.87)
which is, 

	            (4.88)
Now, we combine (4.86) and (4.88), then by using Schwarz’s inequality and Hölder’s inequality for  we get 


	    (4.89)
where  is the Sobolev conjugate of , since .
By using Sobolev’s inequality on the right-hand side we obtain 
	
          (4.90)
which implies (4.69) with constant 

Thus, proof of Theorem 4.30 is completed. 
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In this section, we establish horizontal uncertainty-type inequalities with general weights on stratified Lie groups, which, in specific cases, reduce to well-known classical inequalities.
We now proceed to state the aforementioned results. 
Theorem 4.31.  Let  be a stratified group, and denote by  the dimension of its first stratum. Assume , , and let  be a radial function, where  stands for the Euclidean norm on . Let  denote the horizontal gradient on . Then  
    i. for any complex-valued function  

	           (4.91)
    ii. for any complex-valued function  

	           (4.92)
    iii. for any complex-valued function  

	            (4.93)
    iv. for any complex-valued function  

	            (4.94)
Here, the domain , and  denotes the set of points where the integrands become singular or where boundary terms fail to vanish due to the specific choice of the function . By excluding  from the domain of the function space, we ensure that all boundary terms vanish. 

Remark 4.32. By choosing  in (4.91) and taking , we obtain the following inequality from [38, Theorem 3.1]: 
	               (4.95)
and the constant  is sharp. In particular, setting  and applying the Cauchy–Schwarz inequality to the right-hand side of (4.95), we recover the horizontal Hardy inequality with sharp constant from [69]. Moreover, for  and , (4.95) yields the Sobolev type inequality stated in [38, Theorem 3.4]. 
 
Remark 4.33. In (4.91), choosing , , ,  and then using Cauchy-Schwarz inequality on the right-hand side yields the critical Hardy inequality (3.14), by Edmunds and Triebel, on stratified Lie groups: 
	        (4.96)
In this case, in (4.91) null set  is the empty set, as there is no singularity inside the unit ball . 

Remark 4.34. By choosing ,  and  in (4.93), we recover one another critical case of (4.95): 
	           (4.97)
which corresponds to inequality from [61, Theorem 3.5]. 

Remark 4.35. In (4.91) taking , implies 
   	    (4.98)
where constant  is sharp and  is extremizer, .
When , , and Cauchy-Schwarz inequality is used at the right-hand side, (4.98) implies 
	             (4.99)
where constant  is sharp and  is extremizer, .

Proof of Theorem 4.31. By using integration by parts, we obtain 


	                 (4.100)
 Now in (4.100) using Hölder’s inequality for  yields to 

	      (4.101)
which proves (4.91). On the other hand, using Young’s inequality for , in (4.100) implies 

	       (4.102)
which establishes (4.92). To obtain inequalities (4.93) and (4.94), we again apply Hölder’s and Young’s inequalities on (4.100), this time grouping the function  with the differential term. 
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Sobolev-Hardy type inequalities and identities on homogeneous Lie groups
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We now turn to the presentation of our results in the setting of a general homogeneous Lie group.
Note. The present chapter relies substantially on the author’s earlier publications: [61; 62; 67; 68]. Numerous passages are either directly reproduced from these works or have been modified and incorporated here on the basis of those papers.

Theorem 5.1. Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Define the radial derivative by  and assume . Then, for every complex-valued function , we obtain the following identity, which provides the sharp remainder term in (5.2): 

	      (5.1)
where the functional  is given by (2.28). Moreover, the functional  is equal to zero if and only if 

for some function . In that case, the left-hand side of (5.1) becomes infinite, unless , due to the fact that the function 

is not integrable on . 
 
Remark 5.2. By omitting the nonnegative remainder term on the right-hand side of (5.1), we recover the inequality stated in [70, Theorem 3.4], 
	                     (5.2)
where  denotes the Euler operator and the constant  is optimal. Moreover, the final statement of Theorem 5.1 shows that this sharp constant  is not achieved by any function in  

Proof of Theorem 5.1. Using integration by parts, we have 



	                      (5.3)
By using notations 

in (2.28) we get that  and 




	        (5.4)
Using (5.3) in (5.4) implies (5.1).
To investigate the existence of nontrivial extremisers, we analyse the sharp remainder term appearing on the right-hand side of (5.1). According Proposition 2.9,  holds if and only if . Hence, the remainder term vanishes precisely when  satisfies 

Integrating the equation 

we deduce that 

for some function . However, such an  makes the left-hand side of (5.1) infinite unless . This rules out the existence of nontrivial extremisers. 

By taking  in Theorem 5.1, we obtain a Hardy type identity; if we then omit the positive remainder term, we arrive at the critical Hardy type inequality of Badiale–Tarantello [29] on homogeneous Lie groups. 
Remark 5.3.  Consider a homogeneous group  with homogeneous dimension , and let  be an arbitrary homogeneous quasi-norm on . We define the radial derivative by .  
    (i) For every complex-valued function , the following identity holds and provides the sharp remainder term associated with (5.6): 

	    (5.5)
where the functional  is defined by (2.28). 
    (ii) For every complex-valued function , we have the inequality 
	                      (5.6)
and the constant  is sharp. 

Theorem 5.4.  Let  be a homogeneous group of homogeneous dimension , and let  be any homogeneous quasi-norm on . Let  be the radial derivative. Then for any , we have 


	   (5.7)
where  is in (3.98),  is in (3.99),  and  are in (3.14). 
 
Remark 5.5. The identity (5.7) represents the critical case  of the formula established in [70, Theorem 3.10]. 
 
Corollary 5.6. Let  be a homogeneous group of homogeneous dimension , and let  be an arbitrary homogeneous quasi-norm on . Define the radial derivative by . Then, for every , we have 
	                  (5.8)
where  is the double factorial of the odd integer , and the factor  is the sharp constant, which is never achieved. 
Remark 5.7. The estimate (5.8) corresponds to the critical case  of the inequality from [70, Theorem 3.10]. 
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In this section we establish Sobolev-type inequalities and sharp remainder identities on a homogeneous Lie group  by combining power weights with logarithmic corrections. In suitable special cases, these results reduce to critical Hardy-type inequalities and their stability identities on .

Theorem 5.8. Let  be a homogeneous group of homogeneous dimension  and let  be a fixed homogeneous quasi-norm on . Denote by  the radial derivative. Let  and assume that , , and . For  define the radial trace 

and set 
	                     (5.9)
Then for any complex-valued function  we have 
	                  (5.10)
and the constant  is sharp.
Moreover, the following identity holds and gives the sharp remainder formula for (5.10): 

	     (5.11)
where 

and the functional  is defined in (2.28). Furthermore,  vanishes if and only if 

for some function , which makes the left-hand side of (5.11) infinite unless , due to the non-integrability of 

Consequently, the sharp constant  in (5.10) is not attained. 

Remark 5.9 (Scaling invariance). The inequality (5.10) is invariant under the radial scaling 

which is the homogeneous-group analogue of the cylindrical scaling in . 

Remark 5.10 (Recovering known cases). By setting  and  (and replacing  with ) one recovers the corresponding one-logarithm critical identity/inequality on , in the spirit of Theorem 5.1. 

Proof of Theorem 5.8. The argument follows exactly the same steps as in the proof of Theorem 3.8. One replaces  by the radial derivative  and integrates over  using polar coordinates associated with the homogeneous quasi-norm . All identities remain unchanged after this substitution, and the sharpness follows from the same equality condition in the functional . We therefore omit the details. 
For the critical case , the weight  is not sufficient to balance the singularity of  at , while it also produces an additional singularity at . In addition, the constant in (5.10) diverges as . To compensate both effects one needs a double-logarithmic correction. As a substitute for (5.10), the following inequality holds on the quasi-ball of radius .

Theorem 5.11. Let  be a homogeneous group of homogeneous dimension  with homogeneous quasi-norm , and let  be the radial derivative. Let  and . Then for any complex-valued function  we have 
	    (5.12)
and the constant  is sharp. 
 
Proof of Theorem 5.11. The proof follows exactly the same argument as in Theorem 3.14, replacing the operator  by the radial derivative  and the Euclidean norm  by an arbitrary homogeneous quasi-norm  on . 

-Higher order identities with multiple logarithmic weights on homogeneous groups

In this section we derive the  higher-order version of the critical Sobolev type identity on a homogeneous group .
Let  be a homogeneous group of homogeneous dimension , let  be a homogeneous quasi-norm, and let  denote the radial derivative.
For , the identity corresponding to (5.11) takes the form 

	         (5.13)
 where 

Using the relation 

and iterating it  times yields 

	        (5.14)

Expanding the square and proceeding exactly as in the Euclidean case, one obtains the higher-order identity involving the same signed Stirling numbers of the second kind  and coefficients  and  introduced previously.

Theorem 5.12. Let  be a homogeneous group of homogeneous dimension , , and  . Then for any complex-valued function  we have 


	  (5.15)
 
Remark 5.13. For  we recover the  stability identity (5.13). 

Corollary 5.14. Dropping the nonnegative remainder terms yields the higher-order inequality 

where  and the constant is sharp and not attained. 
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 We now present analogues of Theorem 3.25 and Theorem 3.28 on general homogeneous Lie groups, for any homogeneous quasi-norms.

Theorem 5.15. Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Define the radial derivative by , and assume , . Let  denote the unit ball in .  
    (i) For any complex-valued function  we have 
	           (5.16)
where the constant  is sharp. 
    (ii) For any complex-valued function  we have next sharp remainder formula for (5.16): 

	    (5.17)
where 


and the functional  is given by (2.28). Moreover,  is equal to zero if and only if 

for some function . This, however, forces the left-hand side of (5.17) to be infinite (unless , hence ), because the function 

is not integrable over . As a result, the sharp constant  in (5.16) is never achieved on  

Theorem 5.16. Let  be a homogeneous group of homogeneous dimension  and let  be any homogeneous quasi-norm on . Let  be the radial derivative,  and .  
    (i) For any complex-valued function  we have 
	           (5.18)
where constant  is sharp. 
    (ii) For any complex-valued function  we have next sharp remainder formula for (5.18): 

	   (5.19)
where 

and the functional  is given by (2.28). Moreover, there is no nontrivial extremizer, which would vanish the remainder terms on the right-hand side of (5.19). Thus, the sharp constant  in (5.18) is not attained on  
 
Proof of Theorem 5.15. Let ,  and  on . Then for any complex valued functions , we have 



	                  (5.20)
Next, for , applying Hölder’s inequality gives 

	      (5.21)
which implies (5.16). We now show that the constant  is sharp. Consider 

which satisfies the Hölder equality condition 

thus verifying sharpness. This completes the proof of Part (i).
Next, we prove Part (ii). We introduce the notations 


so that 

Substituting into the functional (2.28) yields 


	     (5.22)
where the last integral vanishes due to (5.20). Hence 

		    (5.23)
which establishes identity (5.17). To analyze extremizers, we note that the sharp remainder term on the right-hand side of (5.23) is nonnegative and equals zero exactly when . By Proposition 2.9, this occurs if and only if . Consequently, the remainder term can vanish only if 

Integrating, 

we deduce 

where . However, this makes the left-hand side of (5.17) infinite unless , proving that no nontrivial extremisers exist.
This completes the proof of Theorem 5.15. 

Proof of Theorem 5.16. Let , ,  and  on . To establish inequality (5.18), we decompose the left-hand side into two integrals as follows: 

We then evaluate each part separately. We begin with the first integral and obtain: 



	                   (5.24)
Next, we calculate the second integral and get 



	  (5.25)
 By combining (5.24) and (5.25) we obtain 
	        (5.26)
where

Then, for  using Hölder’s inequality we get 

	       (5.27)
which implies (5.18). Now we prove the sharpness of the constant . Consider the function 

which satisfies the equality condition in Hölder’s inequality: 

This confirms the sharpness of the constant. Hence, Part (i) is proved.
We now proceed to prove Part (ii).
Define the following expressions: 

and 

Then

Substituting these into the functional (2.28), we obtain:  


	         (5.28)
where the final integral is zero by virtue of the identity (5.26). This proves the
identity (5.19).
The nonexistence of nontrivial extremizers follows from an argument identical
to that used in the proof of Theorem 5.15.
This concludes the proof of Theorem 5.16.
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In this section we establish a general weighted Hardy inequality on a homogeneous group  which provides a unified mechanism for producing sharp inequalities with a wide range of weights. The result is formulated in terms of an admissible weight profile  and yields an explicit pair of weights  together with the optimal constant and a sharp remainder identity.
A key advantage of this approach is that the weights are given by closed formulas in terms of  and the radial derivative , so they are easy to compute in concrete examples and lead to explicit inequalities. In the radial setting (i.e. ), the resulting pair  fits naturally into the -Bessel pair framework on , providing a clear variational mechanism for sharpness. This framework systematically recovers classical and critical Hardy-type estimates on homogeneous groups and also generates new inequalities adapted to the quasi-radial geometry induced by .

Theorem 5.17. Let  be a homogeneous group of homogeneous dimension  and let  be any homogeneous quasi-norm on . Let  be the radial derivative. Assume , ,  open, and let  denote the singular set associated with the weights and vector fields involved. Suppose that  is a positive function of class  on  such that 

    (i) Then, for any complex-valued function  we have 
	          (5.29)
where the weights  and  are given explicitly by 
	          (5.30)
    (ii) For any complex-valued function  we have the following sharp remainder identity for (5.29): 

	       (5.31)
where the functional  defined in (2.28). 
Inequality (5.29) is sharp, and equality holds whenever the remainder terms on the right-hand side of (5.31) vanish. This happens if and only if  and . Thus  is a formal extremal (candidate) for (5.29). 

Remark 5.18 (Euler-Lagrange equation and -Bessel pairs for (5.29)). Inequality (5.29) has a natural variational structure. Consider the functional 

where  and  are given by (5.30). The sharp constant  in (5.29) corresponds to the variational threshold .
Formally, critical points satisfy in  
	         (5.32)
where  is the quasi-radial vector field associated with .
If  and  are radial and  with , then the equation reduces to 

In this radial setting, the existence of a positive solution is the mechanism behind the notion of a -Bessel pair on . The formal extremal profile is , and equality in (5.29) can occur only in the critical case . As in the Euclidean case, the sharp constant is typically not attained because the formal extremals are singular near .

Proof of Theorem 5.17. We prove Part (i). Using the polar decomposition on , 

where  is the homogeneous dimension and  is the unit quasi-sphere, we write 



	      (5.33)
where we have integrated by parts in  and used .
Dropping the last term in (5.33) and applying Hölder’s inequality for  yields 

	               (5.34)
which proves (5.29).
To show sharpness, we examine the equality condition in Hölder’s inequality. If we take , then a direct computation gives 

showing that  is the formal extremal and that the constant  is sharp.
We now prove Part (ii). Set 

with  and  as in (5.30). Substituting  and  into the functional  and integrating over , we obtain 

	          (5.35)
Using the integration-by-parts identity (5.33), the last term reduces to 

which yields the remainder identity (5.31).
Finally, equality in (5.29) holds if and only if the remainder terms in (5.31) vanish. Since  if and only if , this occurs precisely when , which is the formal extremal. 

Next, we present several consequences of Theorem 5.17 obtained through particular choices of the weight profile  and the parameter , which are collected in the following corollaries.
We first note that Theorem 5.17 yields weighted Hardy-type inequalities on  together with an explicit sharp remainder identity. To obtain the homogeneous power-weight case, we choose 

where  is the homogeneous dimension and  is a fixed homogeneous quasi-norm on . This yields 

provided that . Substituting this choice into (5.30) gives 

With these weights, Theorem 5.17 produces the following sharp Hardy inequality on  (with a sharp remainder identity).

Corollary 5.19 (Weighted Hardy inequality on  with sharp remainder). Let  be a homogeneous group of homogeneous dimension , and let  be a homogeneous quasi-norm. Let  and . Then, for every complex-valued function , we have 
	                    (5.36)
and the constant  is sharp. 
Moreover, the following sharp remainder identity holds: 

 	         (5.37)
where  is as in (2.28). In particular, equality in (5.36) holds if and only if 

which is a formal extremal and does not belong to .

We next indicate a geometric (boundary-type) example on a quasi-ball. Let  and choose the radial profile 

Then  in  and 

Substituting into (5.30) yields 

Hence Theorem 5.17 gives the following sharp boundary Hardy inequality (and its sharp remainder identity).

Corollary 5.20 (Boundary Hardy inequality on a quasi-ball with sharp remainder). Let  be a homogeneous group of homogeneous dimension  and let  be a homogeneous quasi-norm. Let  and , and set . Then, for every complex-valued , 
	                (5.38)
and the constant  is sharp and not attained in . Moreover, the sharp remainder identity follows from (5.31) with this choice of . In particular, equality in (5.38) can occur only in the one-dimensional case  with the formal extremal . 

Conclusion. Thus, Theorem 5.17 provides a flexible mechanism for producing explicit sharp Hardy-type inequalities on homogeneous groups. By selecting different admissible profiles  (radial or non-radial) one obtains power, boundary-type, logarithmic (via limiting procedures), and anisotropic examples, all accompanied by a nonnegative remainder term ensuring sharpness.
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Theorem 5.21. Let  be a homogeneous group of homogeneous dimension ,  be any homogeneous quasi-norm on  and  be the radial derivative. Let ,  and  is radial function, then  
    i. for any complex-valued function  

	    (5.39)
    ii. for any complex-valued function  
	
		    (5.40)
    iii. for any complex-valued function  
	
		    (5.41)
    iv. for any complex-valued function  
	
		    (5.42)
Here, the domain , and  denotes the set of points where the integrands become singular or where boundary terms fail to vanish due to the specific choice of the function . By excluding  from the domain of the function space, we ensure that all boundary terms vanish. 

Remark 5.22. When , the inequalities (5.39) and (5.40) reduce to the inequalities of [71, Theorem 6.1]. 

Remark 5.23. In (5.39) taking  and , implies 
	                  (5.43)
where the constant  is sharp. In the particular cases  and , inequality (5.43) yields the Hardy inequality and the Sobolev-type inequality with sharp constants, respectively, as stated in [72, Theorem 3.1] and [70, Theorem 3.1]. 
 
Remark 5.24. In (5.39), choosing , , ,  and then using Cauchy-Schwarz inequality on the right-hand side yields the critical Hardy inequality (3.14), by Edmunds and Triebel, on homogeneous Lie group with any homogeneous quasi-norm : 
	           (5.44)
In this case, in (5.39) null set  is the empty set, as there is no singularity inside the unit ball . 

Remark 5.25. By choosing ,  and  in (5.41), we recover one another critical case of (5.43): 
	                 (5.45)
which corresponds to inequality from [61, Remark 3.10]. 

Remark 5.26. In (5.39) taking , implies 
	            (5.46)
where constant  is sharp and  is extremizer, .
When  and , (5.46) implies uncertainty type principle, as follows: 
	                 (5.47)
where constant  is sharp and  is extremizer, .
 
Proof of Theorem 5.21. By using integration by parts, we obtain 


	                    (5.48)
Now in (5.48) using Hölder’s inequality for  yields to 

	   (5.49)
which proves (5.39). On the other hand, using Young’s inequality for , in (5.48) implies 

	   (5.50)
which proves (5.40). To prove inequalities (5.41) and (5.42), we once again apply Hölder’s and Young’s inequalities to (5.48), placing the function  together with the differential part. 
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[bookmark: _Toc230213806]6.1.1 Critical Caffarelli-Kohn-Nirenberg type inequalities and uncertainty type principles
This section is devoted to examining (critical) Caffarelli-Kohn-Nirenberg inequalities, as well as (critical) uncertainty principles that feature logarithmic weights. 
Theorem 6.1. Let . Take  and  such that , and let  and . Suppose that 

Then, for every complex-valued function , we obtain the following Caffarelli–Kohn–Nirenberg type inequality with a logarithmic weight:  
	

		     (6.1)
where  denotes the Euclidean norm in ,  is the standard gradient on , and  is the functional defined in (2.28). The constant in (6.1) is sharp in the case  with , or whenever  or . 

Remark 6.2. Inequality (6.1) represents the critical case of [35, Theorem 8]. 

Proof of Theorem 6.1. Case . In this situation, from  and  we deduce that  and . Hence, inequality (6.1) reduces to 

Case . In this case we have  and . Using (3.2), we obtain the exact identity 

	  (6.2)
Case . Using , we directly compute 

Because  and , we may apply Hölder’s inequality with exponents determined by , which yields 
	
                      (6.3)
Observe that when  and , the condition for equality in Hölder’s inequality is satisfied for every function.
Applying (3.2), we obtain 

	(6.4)
Substituting this expression into (6.3), we arrive at  


	  (6.5)
The optimality of the constant in (6.4) follows directly from (3.2). Moreover, when  and , equality is attained in Hölder’s inequality (6.3). Consequently, the constant in (6.1) is sharp in the case  and . 

Corollary 6.3 (Uncertainty type principle with a logarithmic weight). Let  with . Then for every  and , the following estimate holds: 
	       (6.6)
where  denotes the usual gradient operator on . 
 
Proof of Corollary 6.3. In (6.1), we drop the remainder term and take , , , and , then . Therefore, we get 

which implies (6.6). 
 
Remark 6.4. In the particular case , the inequality (6.6) becomes 
	          (6.7)
where  denotes the usual Euclidean norm on  and  stands for the standard gradient on . 
Inequality (6.7) represents the critical case of the Heisenberg–Pauli–Weyl uncertainty-type principle as stated in [31, Remark 2.10].
Applying the Cauchy–Schwarz inequality to the right-hand side of (6.7) yields 
	              (6.8)
which is the critical case of the classical Heisenberg–Pauli–Weyl uncertainty principle. 
 
Remark 6.5. In the special case where , , , and , the inequality (6.1) without the remainder term simplifies to the following Nash-type inequality: 
	           (6.9)
 
By substituting inequality (3.16) into  version of (6.3) we obtain the higher order Caffarelli-Kohn-Nirenberg type inequality with a logarithmic weight.

Corollary 6.6. Let . Take ,  with ,  and . Suppose that 

Under these conditions, for every  and each , the following higher-order critical Caffarelli–Kohn–Nirenberg type inequality holds: 
	  (6.10)
where  is the Euclidean norm on ,  is the standard gradient on , and  is the double factorial of an odd number. 
 
Remark 6.7. In the particular case where , , ,  and , inequality (6.10) produces the following higher-order uncertainty-type inequality with logarithmic weight: 
	     (6.11)
where  denotes the Euclidean norm in ,  stands for the standard gradient in , and  is the double factorial of an odd integer. 
To derive the preceding results in the setting of stratified Lie groups, we apply the same approach. For simplicity and conciseness, we state these results below without including a rigorous proof.
For any complex-valued function, using identity (4.2) we obtain the following Caffarelli-Kohn-Nirenberg type inequality with a logarithmic weight and a remainder term on stratified Lie groups.

Theorem 6.8. Let  be a stratified group and denote by  the dimension of its first stratum. Let ,  satisfy , and let  and . Suppose that 

Then, for every complex-valued function , we have the following Caffarelli–Kohn–Nirenberg type inequality with a logarithmic weight:  


	    (6.12)
where  denotes the Euclidean norm on  and  is the horizontal gradient on . The constant appearing in (6.12) is optimal when  with , or when  or . 
 
Remark 6.9. By omitting the remainder term on the right-hand side of inequality (6.12), we derive a Caffarelli–Kohn–Nirenberg type inequality as in Corollary 6.10. This corresponds to the critical case () of the inequality in [38, Theorem 4.1], obtained after applying the Cauchy–Schwarz inequality to its right-hand side. 
 
Corollary 6.10. Let  be a stratified group whose first stratum has dimension , and let ,  satisfy . Suppose  and , and assume that 

Then, for every , the following 
critical Caffarelli–Kohn–Nirenberg type inequality holds:
	    (6.13)
where,  denotes the Euclidean norm on , and  stands for the horizontal gradient on . The constant appearing in inequality (6.13) is optimal when  with , or when  or . 

Corollary 6.11 (Uncertainty type principle with a logarithmic weight).  Let  be a stratified group whose first stratum has dimension . Then, for any  and exponents satisfying , we obtain 
	        (6.14)
where  denotes the Euclidean norm on  and  is the horizontal gradient on . 

Employing inequality (4.9), we derive a higher-order Caffarelli–Kohn–Nirenberg type inequality featuring a logarithmic weight on stratified Lie groups.

Corollary 6.12. Let  be a stratified group and denote by  the dimension of its first stratum. Let  and  with , and choose  and . Suppose that 

Then, for every  and every , the following higher-order Caffarelli–Kohn–Nirenberg-type inequality with logarithmic weight holds: 
    (6.15)
where  denotes the Euclidean norm on ,  is the horizontal gradient on , and  is the double factorial of an odd integer. 

Now, let us provide the aforementioned results on homogeneous Lie groups.

Theorem 6.13. Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Consider exponents ,  such that , together with a parameter  and real numbers . Suppose that 

Under these assumptions, the following Caffarelli–Kohn–Nirenberg type inequality with a logarithmic weight holds for every complex-valued function 
:  

 	(6.16)
where,  denotes an arbitrary homogeneous quasi-norm on , and  represents the associated radial derivative on . The constant appearing in inequality (6.16) is sharp in the cases  with , or when . 
 
Remark 6.14. Omitting the remainder term in (6.16) yields the results of [24, Theorem 7.1] and [73, Theorem 2.1].

Proof of Theorem 6.13. Case . In this situation, from  and  we immediately deduce  and . Therefore, inequality (6.16) simply becomes 

Case . In this case, we observe that  and . Then, by applying (5.1), we obtain the equality 

	  (6.17)
Assume . Using the identity , we compute directly 

Because  and , applying Hölder’s inequality with exponents satisfying  yields 
	
                     (6.18)
From (5.1) we obtain the following identity 

	    (6.19)
 Substituting this into (6.18), we obtain  
	
		 (6.20)
In the special case where  and , Hölder’s equality condition for (6.18) is satisfied for every function. Consequently, the constant  in (6.16) is sharp when  and . 

Corollary 6.15 (Uncertainty type principle with a logarithmic weight). Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Denote by  the radial derivative. Then, for every  and any  satisfying , we obtain 
	                 (6.21)

Proof of Corollary 6.15. By omitting the remainder term in (6.16) and choosing , , , , and , we obtain 

which yields (6.21). 
 
Remark 6.16. When , inequality (6.21) takes the form 
	            (6.22)
where  is any homogeneous quasi-norm on  and  denotes the corresponding radial derivative on . The inequality (6.22) thus describes the critical case of the Heisenberg–Pauli–Weyl type uncertainty principle proved in [31, Proposition 2.9]. 

By inserting inequality (5.8) into the case  of (6.18), we derive a higher-order Caffarelli–Kohn–Nirenberg type inequality with a logarithmic weight on homogeneous Lie groups.

Corollary 6.17. Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Take ,  such that , and let  and . Suppose that 

Under these assumptions, we obtain the following higher-order critical 
Caffarelli–Kohn–Nirenberg type inequality for every : 
	  (6.23)
where  denotes the radial derivative, and  represents the double factorial of an odd integer.

[bookmark: _Toc230213807]6.1.2 Caffarelli-Kohn-Nirenberg type inequalities and (critical) uncertainty type principles with multiple logarithmic weights
In this section, we obtain Caffarelli-Kohn-Nirenberg type inequalities with multiple logarithmic weights. We note that in special cases, these inequalities give critical uncertainty type principles. 
Theorem 6.18. Let . Fix  and  with , and choose , , and  with . Suppose that 

Then, for every admissible complex-valued function u for which the right-hand side of (6.24) is finite, and for  defined by (3.39), we obtain the following Caffarelli–Kohn–Nirenberg type inequality with a logarithmic weight:



 	  (6.24)

where  

Here,  denotes the Euclidean norm in ,  is the usual gradient operator on , and  is the functional defined in (2.28). The constant appearing in inequality (6.24) is sharp in the case  with  and , or when . 

Remark 6.19. The inequality (6.24) represents the critical case of [35, Theorem 8]. 

Proof of Theorem 6.18. Case . In this situation, from the relations ,  and , we directly obtain , , and . Consequently, inequality (6.24) simplifies to 

Case . In this case we have , , and . By (3.41) we obtain the identity 

	       (6.25)
For  and using the relations  and , a straightforward computation yields 

	 (6.26)
Since we have  and , applying Hölder’s inequality with exponents satisfying , we deduce that


	          (6.27)
Observe that when , we have  and , so Hölder’s equality condition holds for every function.
Using (3.41), we obtain the identity

	      (6.28)

Substituting this into (6.27), we obtain 


	   (6.29)
The sharpness of the constant in (6.28) follows from (3.41). When , , and , the equality case in Hölder’s inequality (6.27) is attained. Consequently, the constant in (6.24) is also sharp under the conditions , , and .

Corollary 6.20 (Uncertainty type principle with a logarithmic weight). Let  with , and define  for every . Then, for any  as in (3.39) and any  satisfying , we obtain 
	 (6.30)
 and 
	      (6.31)
where  denotes the usual gradient operator on . 
 
Proof of Corollary 6.20. In (6.24), we omit the remainder term and choose , , , , , and , which implies . Consequently, we obtain 
	       (6.32)
which leads to (6.30). Alternatively, selecting  instead of the previous choice results in (6.31). 
 
Remark 6.21. In the case where , the inequalities (6.30) and (6.31) simplify to 
	     (6.33)
 and 
	     (6.34)
where  denotes the usual Euclidean norm on  and  stands for the standard gradient operator on . 

The inequalities (6.33) and (6.34) represent critical instances of the Heisenberg–Pauli–Weyl type uncertainty principle as described in [69, Remark 2.10]. Applying the Cauchy–Schwarz inequality to the right-hand side of (6.33), we get 
	       (6.35)
which corresponds to the critical case of the classical Heisenberg–Pauli–Weyl uncertainty principle in (1.39). 

By inserting inequality (3.102) into the case  of (6.27), we derive the higher-order Caffarelli-Kohn-Nirenberg type inequality involving a logarithmic weight. 
Corollary 6.22. Let . Let ,  with , and let , together with . Suppose that 

Then, for every admissible complex-valued function u for which the right-hand side of (6.24) is finite, and for  defined by (3.39), and for all , we obtain the following higher-order logarithmic Caffarelli–Kohn–Nirenberg type inequality:

	      (6.36)
Here,  denotes the Euclidean norm in ,  stands for the usual gradient operator on , and  is defined by the product . 

[bookmark: _Toc230213808]6.1.3 Caffarelli-Kohn-Nirenberg type inequalities with logarithmic weights and remainder terms
In this section, we present how the cylindrical critical Hardy-type identity stated in Theorem 3.28 can be applied.

Theorem 6.23. Let . Suppose , , with , and let , , and . Assume that 

Under these conditions, for every complex-valued function 
:

	 (6.37)
where 


Here,  denotes the Euclidean norm on ,  is the usual gradient operator on , and  is the functional defined in (2.28). The constant appearing in inequality (6.37) is optimal in the case  with  and , or when . 

Remark 6.24. Inequality (6.37) represents the critical case of [35, Theorem 8]. 

Proof of Theorem 6.23. Case . In this situation, from the identities ,  and , we deduce that , , and . Consequently, the inequality (6.37) simplifies 

Case . In this case, we have , , and . By (3.124) we obtain the equality 

	 (6.38)
 For  and using the relations  and , a straightforward computation yields 

	   (6.39)
Since  and , applying Hölder’s inequality with exponents satisfying  yields


	            (6.40)
Observe that in the case , we have  and , so Hölder’s equality condition holds for every function.
Using (3.124), we obtain the identity

	  (6.41)
Substituting this into (6.40), we obtain 

	    (6.42)
which establishes the inequality (6.37). The sharpness of the constant in (6.41) follows from (3.124). When , , and , the equality case in Hölder’s inequality (6.40) is attained. Consequently, the constant in (6.37) is sharp under the assumptions , , and . 

Corollary 6.25 (Uncertainty type principle with a logarithmic weight). Let  with . Then for every  and every  satisfying , we have 
	  (6.43)
and 
	       (6.44)
where  is the standard gradient on . 
 
Proof of Corollary 6.25. In (6.37), we omit the remainder terms and choose , , , , , and , which yields . Consequently, we obtain 
	         (6.45)
which leads to (6.43). Alternatively, taking  instead of the previous choice yields (6.44). 
 
Remark 6.26. In the case , the inequalities (6.43) and (6.44) simplify to 
	    (6.46)
 and 
	    (6.47)
where,  denotes the usual Euclidean norm on , and  represents the standard gradient operator on . 

The inequalities (6.46) and (6.47) correspond to the critical cases of the Heisenberg–Pauli–Weyl type uncertainty principle discussed in [31, Remark 2.10]. Applying the Schwarz inequality to the right-hand side of (6.46), we obtain 
	         (6.48)
which corresponds to the critical case of the classical Heisenberg–Pauli–Weyl uncertainty principle 

 
Next, we state the corresponding results for stratified Lie groups. Since the arguments are analogous to those given above, we omit the proofs.

Theorem 6.27. Let  be a stratified group, and denote by  the dimension of its first stratum. Suppose ,  with , and let , , and . Assume that 

Under these conditions, for every complex-valued function  we obtain the following Caffarelli–Kohn–Nirenberg type inequality involving a logarithmic weight:

	   (6.49)

where 

Here,  denotes the Euclidean norm in ,  stands for the horizontal gradient on , and  is the functional introduced in . The constant appearing in inequality (6.49) is optimal when  with  and , or when . 

Remark 6.28. Discarding the remainder terms on the right-hand side of (6.49), choosing , and subsequently applying the Cauchy–Schwarz inequality to that side, yields precisely the critical case () of the inequality presented in [38, Theorem 4.1]. 

Corollary 6.29 (Uncertainty type principle with a logarithmic weight). Let  be a stratified group, and denote by  the dimension of its first stratum. Then, for every  and any  satisfying , we obtain 
	     (6.50)
and 
	    (6.51)
where  denotes the horizontal gradient in . 

Now we present the corresponding results in the setting of homogeneous Lie groups.

Theorem 6.30. Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Suppose  and  satisfy , and let . Consider real numbers  with . Assume that 

Under these conditions, for every complex-valued function :

	(6.52)
where 

 denotes the radial derivative on , and  is the functional defined in . The constant appearing in inequality (6.52) is optimal in the case  with  and , or when  

Remark 6.31. Eliminating the remainder term in (6.52) and setting  yields the results of [24, Theorem 7.1] and [73, Theorem 2.1], up to a minor modification consisting of an additional factor of one in the logarithmic weight. 

Proof of Theorem 6.30. Case . In this situation, from the relations , , and , we deduce that , , and . Consequently, inequality (6.52) collapses to the identity 

Case . In this case, we obtain , , and . By using (5.19) we then arrive at the equality 

	   (6.53)
 For  and using the relations  and , a straightforward computation yields 

	     (6.54)
Since  and , applying Hölder’s inequality with exponents satisfying  yields


	           (6.55)
Here, observe that when , we obtain  and , so Hölder’s equality condition holds for every function.
From (5.19) we then deduce the identity
	
		  (6.56)

Substituting this into (6.55), we get 

	(6.57)
This establishes inequality (6.52). The constant in (6.56) is sharp, as follows from (5.19). When , , and , the equality case in Hölder’s inequality (6.55) is attained. Consequently, the constant in (6.52) is sharp under the conditions , , and . 

Corollary 6.32 (Uncertainty type principle with a logarithmic weight). Let  be a homogeneous group with homogeneous dimension , and let  denote an arbitrary homogeneous quasi-norm on . Then, for every  and every  satisfying , we obtain 
	             (6.58)
and 
	           (6.59)
where  is the radial derivative. 
 
Proof of Corollary 6.32. In (6.52), we disregard the remainder terms and set , , , , , and , which yields . Hence, we obtain 
 	      (6.60)
which leads to (6.58). Alternatively, taking  instead of the previous choice yields (6.59). 
 
Remark 6.33. In the case where , the inequalities (6.58) and (6.59) simplify to 
	       (6.61)
and 
	       (6.62)
where  denotes an arbitrary homogeneous quasi-norm on , and  stands for the radial derivative on . The inequalities (6.61) and (6.62) represent the critical form of the Heisenberg–Pauli–Weyl uncertainty type principle established in [31, Proposition 2.9].

[bookmark: GrindEQpgref69f8d1f737][bookmark: _Toc230213809][bookmark: _Toc231375235]Logarithmic functional inequalities
In this section, we demonstrate how the previous results can be applied to derive logarithmic functional inequalities. Our main tools are Hölder’s inequality and the logarithmic Hölder inequality. We begin by recalling these inequalities. For completeness, we present Hölder-type inequalities from [74], together with their proofs. 
Lemma 6.34. Let  be a measure space. Suppose that , , and  with 

Then we have 
	                         (6.63)
Proof. From Hölder’s inequality, we get 


which implies 

where , thereby satisfying the conditions of the lemma. 

Lemma 6.35 (Logarithmic Hölder inequality). Let  be a measure space. Let  with some . Then we have 
	               (6.64)
Proof. We will prove inequality (6.64) for  being a simple function. Then, using the density of the simple functions in the  space, we get the desired result, since the constant in (6.64) depends only on  and . To begin with, let us consider the following function for  being a simple function on :
	                               (6.65)
By using Lemma 6.34, we have
	                    (6.66)
with  and . Also, from (6.65), we have

and by taking the derivative of , we get

We know from (6.66) that  is convex, hence, we have

By taking  and , we get
	             (6.67)
Finally, from this last fact, we establish logarithmic Hölder’s inequality 




 implying (6.64). 

[bookmark: _Toc230213810]6.2.1 Logarithmic Critical Sobolev type inequalities
In this subsection, we derive the logarithmic critical Sobolev-type inequality by using the critical Sobolev-type identity given in Theorem 3.1: 

	      (6.68)
where the functional  is given by (2.28).
In the next Theorem, we present a logarithmic version of (6.68).

Theorem 6.36. Let , ,  is the Euclidean norm on  and  is the standard gradient on . Then for any complex-valued function  we have logarithmic critical Sobolev type inequality: 

	                 (6.69)
Remark 6.37. By dropping the positive remainder term on the right-hand side of (6.69), we get 
	       (6.70)
Remark 6.38. In particular, from (6.70) for all  and  we have 
	           (6.71)

Proof of Theorem 6.36. With assumption , by using  instead of  in (6.64) we get 
	          (6.72)
 Then using (6.68) on the right-hand side of (6.72) implies (6.69). 

[bookmark: _Toc230213811]6.2.2 Higher order logarithmic critical Sobolev type inequalities
Now, we show the higher order logarithmic critical Sobolev type inequality by using the higher order critical Sobolev type inequality from Corollary 3.7: 
	            (6.73)
where  is the double factorial of an odd number, and  is the sharp constant.
Now, by the similar method used above we get the next logarithmic inequality. 
Theorem 6.39. Let  and  Then for any complex-valued  and , we have 

	        (6.74)
Proof of Theorem 6.39. Using (6.73) in  version of (6.72) implies (6.74). 

[bookmark: _Toc230213812]6.2.3 Logarithmic Caffarelli-Kohn-Nirenberg type inequalities

In this subsection, we will prove the logarithmic Caffarelli-Kohn-Nirenberg type inequality by using the CKN type inequality from Theorem 6.1: 
	      (6.75)
The next theorem is the logarithmic version of the above Caffarelli-Kohn-Nirenberg type inequality. 
Theorem 6.40. Let . Let ,  and . Assume that 

Then we have the following logarithmic Caffarelli-Kohn-Nirenberg type inequality for all : 

	     (6.76)
Remark 6.41. In case , inequality (6.76) reduces to inequality (6.70) 
 
Proof of Theorem 6.40. With assumption , for the function  we have next logarithmic Hölder inequality: 
	         (6.77)
Condition  requires  and . Now, using (6.75) in (6.77) and  implies (6.76). 

[bookmark: _Toc230213813]6.2.4 Weighted logarithmic Sobolev type inequality
In this subsection, we show a weighted version of the logarithmic Sobolev type inequality by using Sobolev-Hardy type inequality from [29, Remark 2.3]: Let , . For given real numbers  such that , , and , set . There exists a positive constant  such that for all  we have 
	                  (6.78)
 where  is the Euclidean norm on   is the standard gradient on  and 
	                 (6.79)
By using logarithmic Hölder inequality and Sobolev-Hardy type inequality (6.78), we prove weighted logarithmic Sobolev type inequality in the next Theorem.

Theorem 6.42. Let , . For given real numbers  such that , , and , with  we have 
	     (6.80)
where constant  is as in (6.79). 
 
Remark 6.43. In case , inequality (6.80) reduces to logarithmic Sobolev inequality from [75]: 
	            (6.81)
Proof of Theorem 6.42. With assumption , for the function  we can get next weighted logarithmic Hölder inequality, from (6.64): 
	     (6.82)
Now, using (6.78) in (6.82) implies (6.80). 

[bookmark: _Toc230213814]6.2.5 Logarithmic Hardy inequalities
In this subsection, we establish the cylindrical extension of the logarithmic Hardy inequality from [76], by applying the Sobolev–Hardy type inequality (6.78). The result is presented in the following theorem. 
Theorem 6.44. Let , , . Then for all  we have 
	     (6.83)
where  is the Euclidean norm on   is the standard gradient on , and  is the Sobolev constant.
In particular, when , we have 
	         (6.84)

Remark 6.45. In particular, if , inequality (6.84) implies the logarithmic Hardy inequality from [76]. 
 
Proof of Theorem 6.44. Let , . For  and  let us set . For any  we have 
	 (6.85)
By denoting  and , we note that . We can rewrite (6.85), and get 
	             (6.86)
where . Inequality (6.86) holds true for any , and it is an equality for  and any . Differentiating (6.86) with respect to  at , we get that for any , 
	         (6.87)
Now, using  case of (6.78) on the right-hand side of (6.87) and multiplying both side by  we get 
	(6.88)
To minimize the constant we choose maximum value of  which is  when , since , which implies (6.83). 
In the next Theorem, the  version of the logarithmic Hardy inequality is given. 
Theorem 6.46. Let , , . Then for all  we have 
	     (6.89)
where  is the Euclidean norm on   is the standard gradient on , and  is Sobolev constant.
In particular, when , we have 
	      (6.90)

Proof of Theorem 6.46. Let , . For  and  let us set . For any  we have 
	 (6.91)
By denoting  and , we note that . We can rewrite (6.91), and get 
	             (6.92)
where . Inequality (6.92) holds true for any , and it is an equality for  and any . Differentiating (6.92) with respect to  at , we get that for any , 
	        (6.93)
Now, using (6.78) on the right-hand side of (6.93) and multiplying both side by  we get 
	 (6.94)
To minimize the constant we choose maximum value of  which is  when , since , which implies (6.89). 

[bookmark: _Toc230213815]6.2.6 Logarithmic critical Hardy type inequality

In this subsection, we show the logarithmic version of the critical Hardy type inequality, from Corollary 3.4: 
	                      (6.95)
We show it in the next Theorem. 
Theorem 6.47. Let  and . Then for any complex-valued function  we have 
	        (6.96)
Remark 6.48. In case , inequality (6.96) reduces to 
	         (6.97)
 
Proof of Theorem 6.96. In (6.72), by taking  we get 
	           (6.98)
Now, using (6.95) in the above inequality implies (6.96). 

Next, we can obtain another type of logarithmic critical Hardy inequality by using the  version of (6.95) in (6.83). 

Theorem 6.49. Let , . Then for all  we have 
	  (6.99)
where  is the Euclidean norm on   is the standard gradient on  and  is the Sobolev constant.
In particular, if , we have 
	          (6.100)
 
[bookmark: _Toc230213816]6.2.7 Weighted Gagliardo-Nirenberg type and Nash type inequalities
In this section, we show the weighted version of the Gagliardo-Nirenberg type inequality, by using the Sobolev-Hardy inequality (6.78). In a particular case, this inequality reduces to the Nash type inequality. We also show the equivalence of the above mentioned inequalities. 
Theorem 6.50. Let . Suppose that , , , , and  with 

Then we have 
	               (6.101)
where ,  and 

Remark 6.51. By choosing  we get next weighted Nash type inequality: 
	            (6.102)
where  
Remark 6.52. In case , inequality (6.102) implies classical Nash inequality with Sobolev constant: 
	                 (6.103)
 
Proof of Theorem 6.50. First, let us rewrite Hölder’s inequality (6.63) replacing  with : 
	             (6.104)
Now, by using inequality (6.78) on the right-hand side of (6.104) we get (6.101). 
 
It is well known that Nash inequality is equivalent to logarithmic Sobolev inequality. Here we will also show the equivalence of our Nash type inequality to the logarithmic Sobolev type inequality. 
Theorem 6.53. Let  with . Let  and let  satisfy 

Set 

Assume that . Let  be the constant from the Sobolev–Hardy inequality (6.78).
Then the following two inequalities are equivalent (with the same constant ):
    (i) (Logarithmic Sobolev–Hardy inequality) 

	(6.105)
    (ii) (Nash-type inequality) For every  with , 
	     (6.106)
 
Proof of Theorem 6.53. First, we show how the logarithmic Sobolev type inequality (6.105) implies the Nash type inequality (6.106). It can be noted that 

forms a probability measure on . With this setup, applying Jensen’s inequality to the convex function  provides 


	                (6.107)
 Then we rewrite (6.105) in the following way: 

	        (6.108)
Now by using (6.108) in (6.107) we get 

	          (6.109)
which, by employing properties of logarithmic identities, yields (6.106).
Now, we prove how Nash type inequality (6.106) implies logarithmic Sobolev type inequality (6.105). Fix , , and set 

Define the probability density 

Then the left-hand side of (6.105) is exactly 
	     (6.110)
Let  and rewrite (6.106) in the form 
	                  (6.111)
where 

A direct computation shows 
	                             (6.112)
Taking logarithms in (6.111) and using (6.112), we obtain 
	     (6.113)

Next, set . Then 

and 

Therefore, 
	     (6.114)
On the other hand, differentiating  at  yields the standard identity 
	                   (6.115)
Combining (6.114) and (6.115), we arrive at 
	      (6.116)

Finally, letting  in (6.113) and using (6.116), we get 

Multiplying by  and rearranging gives 

Recalling that  and using (6.110), we obtain (6.105).
Thus, we proved the equivalence of the Logarithmic Sobolev type inequality and the Nash type inequality. 

[bookmark: _Toc230213817]6.2.8 Gross type Logarithmic Sobolev inequality
It is well-known that classical log-Sobolev inequality implies the Gross version of such an inequality with the Gaussian measure. We now show that our logarithmic Sobolev inequality with cylindrical weight implies a Gross-type weighted logarithmic Sobolev inequality with respect to the cylindrical Gaussian measure, i.e. the product measure  on , where  is Gaussian on the first factor .
By applying the following special case  of (6.80): 
	        (6.117)
we deduce the following Gross-type weighted logarithmic Sobolev inequality:

Theorem 6.54. Let , , , , and . We have 
	            (6.118)
for all  such that  and , where 
, with  is the Gaussian measure on  given by , where normalization constant  is given by 
	                      (6.119)
and  is the Lebesque measure  on .
Remark 6.55. If , then Theorem 6.54 reduces to the Gaussian (Gross-type) logarithmic Sobolev inequality on , and in particular it yields the inequality of [74, Corollary 8.3]. 
Remark 6.56. If  and , then (6.118) reduces to Gross’ Gaussian logarithmic Sobolev inequality [77] for a Gaussian measure of the form : 

 
Proof of Theorem 6.54. With assumption that  is a compactly supported function such that  and , with , where  is the Gaussian measure on  given by  and  is the Lebesque measure  on , let us define  by 
	                          (6.120)
where  is as in (6.119). Then we can notice from 
	 (6.121)
that , for any . In a similar way, we can get 
 from . Applying the log-Sobolev inequality (6.117) to , we obtain 





	 (6.122)
where the last integral can be estimated as follows: 


 	                    (6.123)
Now we can calculate  by using (6.120) as follows: 


	        (6.124)
By integrating (6.124) with respect to  we get 

  	          (6.125)
where , in the last line, is obtained by the next calculation, where we use ,  and integration by parts: 

	    (6.126)
thus 
  	                 (6.127)
By combining (6.122) and (6.123) we get 

	    (6.128)
To obtain (6.118) from (6.128) it is enough to show that 

	                 (6.129)
as using (6.129) with (6.125) in (6.128) implies (6.118). Inequality (6.129) is equivalent to 
	    (6.130)
We can rewrite left-hand side of (6.130) and use (for all ) and get 


	    (6.131)
 where  is as in (6.119). Thus proof is complete. 

[bookmark: _Toc230213818]6.2.9 Gross type Logarithmic Hardy inequality

In this section we present Gross type version of log-Hardy inequality (6.84).

Theorem 6.57. Let , . We have 
	               (6.132)
for all  such that  and , where , with  is the Gaussian measure on  given by , where normalization constant  is given by 
	                         (6.133)
and  is the Lebesque measure  on . 
 
Proof. The proof is similar to that of Theorem 6.54. With assumption that  is a compactly supported function such that  and , with , where  is the Gaussian measure on  given by  and  is the Lebesque measure  on . Let  and  have the same relation as in (6.120), but with different , which is as in (6.133). Then we can notice from 
	 (6.134)
 that . Applying the log-Hardy inequality (6.84) to , we obtain 





	    (6.135)
where the last integral can be estimated as follows: 


	                         (6.136)
By combining (6.135) and (6.136) we get 

	 (6.137)
 To obtain (6.132) from (6.137) it is enough to show that 
	 (6.138)
 as using (6.138) with (6.125) in (6.137) implies (6.132). Inequality (6.138) is equivalent to 
	       (6.139)
 We can rewrite left-hand side of (6.139) and use (for all ) and get 


	      (6.140)
where  is as in (6.133). Thus proof is complete. 

[bookmark: GrindEQpgref69f8d1f738][bookmark: _Toc230213819][bookmark: _Toc231375236]Non-existence of generalized solutions to parabolic equations
According to Theorem 3.29, let  and  be non-negative weights. Then for any complex-valued  we have 
	            (6.141)
where  and  are given by (3.139). Moreover, the sharpness of (6.141) implies that if  is replaced by  for any , then (6.141) fails in general.
Reduction to the full gradient. Since , the Cauchy–Schwarz inequality yields 

Therefore, (6.141) implies the gradient form 
	    (6.142)

In this section, we demonstrate how the sharp constant in (6.142) is instrumental in establishing the non-existence of generalized positive local solutions to nonlinear parabolic equations involving singular potentials generated by (6.142)
Following the framework of [78], we define the notion of a generalized positive local solution as follows.

Definition 6.58 (Positive local solution continuous off of ).  By a positive local solution continuous off of , we mean:  
    (i)  is a closed Lebesgue null subset of , 
    (ii)  is continuous for some , 
    (iii) , 
    (iv)  on , 
    (v)  in the sense of distributions, 
    (vi)  and  is a solution in the sense of distributions of the PDE. 

Remark 6.59.  If  and  is a compact subset of , then 

for some . We can weaken  (iii), (iv) to be  
    (iii)′  is positive and locally bounded on , 
    (iv)′  is locally bounded on . 
If a solution satisfies  (i), (ii), (iii), (iv), (v), and  (vi), then we call it a generalized positive local solution off of . If , we simply call  a generalized positive local solution. 

Theorem 6.60. Let , , , and let  be a Euclidean ball. Let  and  be nonnegative functions depending only on , where  is a closed Lebesgue null subset of . If 
	          (6.143)
 for some , then the problem 
	           (6.144)
 has no generalized positive local solution off of . Here, 

is the weighted -Laplacian with a weight depending only on . 

We now show some applications of Theorem 6.60 in the next corollaries. In particular, by combining the sharp cylindrical Hardy inequalities obtained from Theorem 3.29 with the Cauchy–Schwarz estimate 

we obtain sharp lower bounds for weighted gradient energies of the form
 in terms of singular potentials depending on . These sharp constants determine the threshold for nonexistence in the parabolic problem.
For example, using Corollary 3.34 (logarithmic cylindrical weights), we obtain for  and  the sharp inequality 
	               (6.145)
with virtual extremizer .

Corollary 6.61.  Let  and . If  and , then the problem 
	     (6.146)
 has no generalized positive local solution off of . 

Next, using Corollary 3.33 (distance-to-boundary type cylindrical weights), we obtain for  and  the sharp inequality 
	                 (6.147)
with virtual extremizer . The next corollary shows how the sharp constant in (6.147) yields a nonexistence threshold for the parabolic problem.

Corollary 6.62. Let ,  and . If  and , then the problem 
	         (6.148)
has no generalized positive local solution. 

We will use the next proposition from [79] in the proof of Theorem 6.60.

Proposition 6.63. Let  be a Euclidean ball in , let , let , and let  have compact support in . Then for each  there exists a positive constant  such that 
	            (6.149)
 
Proof of Theorem 6.60. We proceed by contradiction. Suppose that for some  there exists a generalized positive local solution  to (6.144) in , where  and . Let  and multiply the first equation of (6.144) by  and integrate over . This yields 

	          (6.150)
where 

By the divergence theorem, 
	       (6.151)
A direct computation gives 

	     (6.152)
Substituting (6.152) into (6.151) yields 

	   (6.153)
 Using Cauchy–Schwarz (more precisely, ), we obtain 

	     (6.154)
We now use the elementary inequality: for  and  positive, 

Take 

Then 

	    (6.155)
Combining this with (6.154) yields (for ) 
  	          (6.156)
Substituting (6.156) into (6.150) and integrating from  to  () we obtain 
	                (6.157)
 where 

	    (6.158)
Assume . Using Jensen’s inequality for concave functions, we obtain, for , 

hence . Moreover, defining 

and using Jensen’s inequality again, we get  (under the same range of  as in Theorem 6.60). Consequently, by Proposition 6.63 applied with  and with , we obtain 
  	                 (6.159)
 for some  and . Substituting (6.159) into (6.157) yields 
		 (6.160)
 Equivalently, the Rayleigh quotient 

is bounded from below, hence 

which contradicts the assumption of Theorem 6.60. This completes the proof. 
 
Proof of Corollary 6.61. To prove Corollary 6.61, it suffices to verify that 
	                               (6.161)
where , 

and 

Using the virtual extremizer , we choose the test function 
	                      (6.162)
where ,  are small, and  is radial in  such that 
	     (6.163)
Since  depends only on , the Euclidean gradient satisfies 

A direct computation yields 
	         (6.164)
Since  depends only on , the integration in the –variables produces the same multiplicative factor in both the numerator and denominator of the Rayleigh quotient, and hence plays no role in the subsequent analysis. Passing to polar coordinates in , we obtain 

where  is the surface measure of the unit sphere in .
We now compute 



	     (6.165)
Similarly, we compute 



	           (6.166)
Finally, 


	                    (6.167)
which converges to a finite constant as .
Subtracting  from  and letting , we obtain 
 	    (6.168)
where 

Consequently, 

which proves the corollary. 

Proof of Corollary 6.62. To prove Corollary 6.62, it suffices to show that 
	                            (6.169)
where , 

Using the virtual extremizer , we choose 
	                    (6.170)
with ,  small and  as in (6.163).
Since  depends only on , we have . A direct computation yields 
	      (6.171)
Arguing as above with the same reduction  on , we obtain 



 	       (6.172)



 	             (6.173)
Therefore 

Letting  and using , we have  for  small, and 

Since  stays bounded for fixed  and , we conclude that , proving (6.169). 
	

[bookmark: _Toc231375237]
Conclusions

Conclusions on the results of the thesis
Related topics have been addressed in several recent doctoral dissertations, for example, [80–83]. This thesis develops a systematic theory of cylindrical Hardy-type and Sobolev–Hardy type inequalities, with emphasis on critical regimes where the underlying weights are borderline with respect to integrability. A key methodological point is that many of the sharp inequalities obtained here arise naturally from sharp remainder identities. These identities not only yield the best (sharp) constants, but also provide a transparent mechanism for non-attainment of those constants in the natural energy spaces, via the appearance of formal extremals (or virtual extremizers) solving the associated Euler–Lagrange equations in a distributional sense.
In the Euclidean cylindrical setting  , we first established critical Sobolev-type inequalities obtained by replacing the standard gradient structure by the Euler operator (and its multidimensional cylindrical analogue ) together with the critical cylindrical weight. The criticality manifests itself through the necessity of logarithmic corrections, and the main results are complemented by sharp remainder terms. These remainder identities strengthen the inequalities and pinpoint the rigidity of the equality case; in particular, they imply non-attainment of the best constants for the relevant test classes.
A second family of contributions consists of higher-order identities and inequalities in the  setting. By iterating the underlying Euler-operator identity, we derived higher-order expansions with explicit sharp constants and remainder structures. An additional feature is that the coefficients in these higher-order identities are described by classical combinatorial quantities, including double factorials and Stirling numbers of the second kind. This reveals a precise algebraic structure behind the iteration of Euler-type operators and leads to higher-order critical inequalities with sharp (and typically non-attained) constants.
We then proved a general critical Hardy-type inequality with logarithmic weights that extends the previous critical Sobolev-type estimates and unifies a number of known critical Hardy inequalities as special cases. The resulting family allows logarithmic exponents both above and below one, admits natural scaling features, and is accompanied by sharp remainder terms guaranteeing sharpness and non-attainment. The borderline logarithmic exponent case, where the general estimate fails, is treated separately by introducing an iterated logarithmic correction on a suitable bounded domain, yielding again a sharp statement.
Another main achievement is a general weighted Hardy inequality in the cylindrical framework with explicitly constructed weights that are not necessarily radial. In the radial situation, the weight structure reduces to the classical theory based on Bessel-type conditions, whereas the general (possibly anisotropic) setting substantially enlarges the class of admissible weights. The approach is constructive: a single auxiliary function generates the weights and simultaneously produces a natural candidate for a formal extremal. The accompanying remainder identity clarifies the equality mechanism and the role of the critical parameter values.
We also established critical Sobolev–Hardy type inequalities in cylindrical form, including borderline weights with logarithmic corrections. These results provide critical counterparts of subcritical Sobolev–Hardy embeddings and recover cylindrical Hardy inequalities as particular cases. In addition, we obtained general weighted uncertainty-type inequalities of Heisenberg–Pauli–Weyl type in the cylindrical setting, yielding classical uncertainty principles with sharp constants as consequences.
After the Euclidean theory was developed, we extended the results to two natural non-Euclidean settings. On stratified Lie groups, Euclidean derivatives are replaced by the horizontal gradient on the first stratum, leading to horizontal analogues of the critical inequalities and identities. On general homogeneous Lie groups, we established corresponding results formulated in terms of the radial derivative associated with an arbitrary homogeneous quasi-norm. These extensions show that the identity-based approach is robust and adapts to settings where the appropriate notion of dilation and radial structure is available.
Finally, we presented applications illustrating the analytic significance of the theory. We derived critical Caffarelli–Kohn–Nirenberg type inequalities and obtained critical uncertainty-type inequalities as consequences. We also proved logarithmic Sobolev type inequalities (including weighted versions), established their equivalence with Nash type inequalities, and deduced Gross-type logarithmic Sobolev inequalities involving Gaussian measure. As a further application, we used sharp cylindrical Hardy inequalities to obtain nonexistence results for nonlinear parabolic equations with singular potentials, where the sharp constants appear as explicit threshold parameters governing existence versus nonexistence of generalized positive solutions.

Future directions 
The results of this thesis suggest several natural directions for further research.
(i) Further developments in PDE with singular potentials
A first direction is to expand the PDE theory beyond the nonexistence criteria considered here. In the parabolic setting, one may study existence, uniqueness, and qualitative behavior (instantaneous blow-up, extinction, and long-time dynamics) in subcritical and supercritical parameter regimes, with special attention to the role of the sharp Hardy constants as thresholds. In the elliptic setting, the remainder identities suggest refined coercivity and stability estimates that could be used in spectral analysis, ground state alternatives, and sharp improvements of Hardy-type inequalities with explicit remainder terms. It is also natural to investigate boundary singularities, mixed singular sets, and lower-order terms compatible with the Euler-operator structure.

(ii) Parameter ranges and endpoint phenomena
A second direction concerns the systematic study of admissible parameter ranges and endpoint regimes. Critical inequalities often arise as limits of subcritical families, and a natural problem is to understand precisely which limiting procedures preserve sharpness and which require additional logarithmic or iterated-logarithmic corrections. This includes endpoint cases in interpolation families of Caffarelli–Kohn–Nirenberg type inequalities, as well as delicate borderline cases for Sobolev–Hardy embeddings.

(iii) Functional spaces, attainment, and stability
Non-attainment of sharp constants is a recurrent critical phenomenon in this thesis. A natural continuation is to identify function spaces in which extremals may exist, for instance by working in weighted Sobolev spaces, Lorentz or Lorentz–Zygmund spaces, Orlicz-type spaces, or spaces that incorporate logarithmic corrections in the norm. Closely related is the question of stability: sharp remainder terms are well suited to produce quantitative deficit estimates measuring the distance to the extremizing profiles. Developing sharp stability inequalities and optimal deficit functionals is an important direction for future work.

(iv) New geometric settings: Cartan–Hadamard manifolds and other
manifolds
Another promising direction is to extend cylindrical Hardy and Sobolev–Hardy type inequalities to curved spaces. Cartan–Hadamard manifolds form a natural class, since comparison geometry and curvature bounds often provide control of volume growth and radial derivatives. More generally, one may seek analogues on complete Riemannian manifolds, or in broader metric-measure settings under suitable geometric assumptions. A key question is how curvature influences the form of critical weights, the presence of logarithmic corrections, and the sharp constants.

(v) Fractional and nonlocal analogues
It is also natural to pursue fractional and nonlocal extensions of the cylindrical inequalities and identities. Fractional Hardy and Sobolev–Hardy inequalities are closely connected to nonlocal operators and anomalous diffusion models. Developing fractional analogues of the Euler-operator approach and establishing corresponding sharp remainder identities could lead to new sharp inequalities and to applications to nonlocal PDE with singular potentials.

(vi) Further refinements: CKN families and uncertainty principles
Finally, the Caffarelli–Kohn–Nirenberg and uncertainty-type inequalities obtained in this thesis suggest further refinements, especially in critical regimes. One may study sharpness and stability for critical CKN inequalities on Lie groups, explore additional interpolation families linking subcritical and critical estimates, and derive new uncertainty principles in anisotropic settings and on curved spaces. In particular, understanding how remainder terms behave under interpolation may yield new sharp inequalities with explicit constants and explicit stability information.

In conclusion, the results of this thesis demonstrate that sharp remainder identities provide a powerful and flexible mechanism for deriving sharp critical inequalities in both Euclidean and non-Euclidean settings, and they open several directions for future research in functional inequalities and partial differential equations with singular structures.
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